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I. INTRODUCTION 
A. Introductory Remarks 
The present calculation of quadrupole-quadrupole forces 
in cerium arose from an attempt to interpret the specific 
heats of the rare earth metals. Measurements, by Parkinson, 
Simon and Spedding,^ of the specific heats of lanthanum and 
several rare earth elements of high purity show anomalous 
peaks at low temperatures. The maxima in the experimental 
specific heats of cerixim, praesodymium and neodymium occur at 
the following temperatures: 
Ge (mixture of cubic and hexagonal structures) 12® K, 
Pr (hexagonal) ><> 30*^ K (the very broad maxlnivun appears 
only in the excess of the specific heat of Pr 
over that of La), 
Nd (hexagonal) 7° K and 19° K. 
The rare earth elements have very similar crystal struc­
tures (hexagonal close packed and cubic close packed) and 
almost the same densities and hardness; their atoms have 
similar electron configurations except for the shell. It 
is therefore reasonable to believe that differences in many 
properties among the rare earth elements themselves and be­
tween the rare earth elements and lanthanxmi are due principally 
' I 
1 D. H. Parkinson, P. E. Simon and P. H. Spedding, Proc. 
Roy. Soc. (London) A 2Q7, 137 (1951)• 
-2-
to differences in the ntimber of electrons in the incomplete 
i}.f shell of the rare earth elements» 
Parkinson, Simon and Spedding^ proposed that the elec­
tronic specific heat is caused by a splitting of the electronic 
(llf)^ energy levels of an ion by the electric field of the 
other atomic cores. The rare earth atoin cores can be con­
sidered as triply charged ions in the metal. For free ions 
the electronic states are degenerate. The electric field pro­
duced by the other atomic cores is not spherically symmetric 
and must partly remove these degeneracies and give rise to 
levels separated by about 10 to 20 wave niimbers. The conse­
quent redistribution of electrons among these levels as the 
temperature is raised is the mechanism said to cause the 
observed anomalies. This approach will be referred to as the 
field splitting model. 
The specific heats obtained from the field splitting 
model are in poor agreement with the experimental results and 
it becomes necessary to seek other causes which might explain 
the specific heats of the rare earth metals. Now, in every 
incomplete electronic shell the charge distribution is not 
spherically symmetric. Then, besides a charge, each ion has 
higher even electrostatic moments* (Odd moments do not appear 
because all wave functions for the n l+f electrons of any 
particular element have the same parity. The charge density 
of a state is proportional to the absolute square of the wave 
function, and will thus have even parity.) If the higher 
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electrostatic moments of the 1^ charge distribution are in­
cluded, then additional energy terms arise from the inter­
actions between electrons belonging to different ions. The 
largest term introduced by the inclusion of higher moments is 
the quadrupole-quadrupole term. It will be shown that this 
terra is of the order of magnitude of the field splitting 
energies and therefore cannot be neglected. 
The quadrupole-quadrupole (Q-^) interaction energy will, 
in general, depend on the crystal symmetries and the basic 
nature of the ij.f wave functions of the metal ions. In this 
paper, only hexagonal cerium is discussed. However, the 
other rare earth metals and other crystal structures could be 
treated in the same general manner. 
One might expect that the coupling will produce a 
cooperative phenomenon in the metals . This could arise from 
the fact that an electron promoted to a higher state by an 
increase in temperature will influence its neighbors through 
the coupling and promote them to new states. These neigh­
bors would then influence their neighbors and the nximber of 
electrons in the new state could thus avalanche. A phenomenon 
of this type could explain the sharp peak in the specific heat 
of cerium. 
It should be pointed out that the interpretation of the 
data is complicated somewhat by the factors of purity and 
state of strain and to a greater extent by the factor of cry­
stal structure. Lanthanxsm is known to exist in both hexagonal 
and cubic close-packed forms, and a single specimen may ex­
hibit both phases. Cerium, too, exists in both of these forms, 
2 
and in addition there exists a condensed cubic form which 
probably occurs with the promotion of the single iii* electron of 
Ge to an outer she11.^ The presence of this condensed form is 
also indicated by specific heat,^ conductivity,^ magnetic 
susceptibility ^ and Hall effect^ measurementso These all 
show hysteresis loops over a range of about 1^0° centered at 
about 160® K, which are believed to be due to transitions to 
the condensed phase, 
7 Spedding has suggested that only electrons of hexa­
gonal cerium contribute to the electronic specific heat in 
ceritim at low temperatures. At temperatures lower than about 
60® K, almost all of the cubic phase is believed to be trans­
formed to the condensed cubic phase and therefore canjiot con­
tribute to the specific heat. Following this suggestion, only 
hexagonal cerium will be treated here o 
2 A, P. Schuch and J. H. Sturdivant, J. Chem. Phys. l8, 
145 (1950), 
^ A. ¥. Lawson and T. Tang, Phys. Revo 76, 301 (19i|.9) • 
^ N. R. James, S. Legvold and P. H. Spedding, Phys. Rev. 
88, 1092 (19^2). 
^ M. P. Trombe , Compt. rend. 198, 1591 (193^1-). 
^ C. Kevane, S. Legvold and P. H. Spedding, Phys. Rev. 
1372 (1953) • 
7 P. H. Spedding, Private comra\inication« 
B. Previous Calculations of the Specific Heat 
In previous calculations the specific heat was attributed 
to the splitting of the degenerate Ijf levels of the free 
cerium ions by the crystal field. The number of components of 
the splitting and the magnitude of the splitting depend, in 
general, on the symmetries of the crystal field and on the 
basic nature of the electronic states of the ij.f electrons. 
The J^jf electrons are considered as being tightly bovind to the 
atomic cores. The electrons in filled shells of the same atom 
can play no role in the splitting because all states are oc­
cupied, and the resulting charge distribution is spherically 
symmetric. 
Parkinson, Simon and Spedding^ have calculated the specif­
ic heat due to the iff electrons in Ce, Pr and Nd. They 
assumed a cubic field which splits the six-fold degenerate i|jf 
level into two components of statistical weights 2 and if. The 
energy parameters are adjusted so that the maximiam of the cal­
culated specific heat curve falls at the same temperature as 
the maximum of the experimental curve. The agreement between 
the calculated and experimental curves is poor. On the high 
temperature side of the peak the calculated specific heat 
p 
falls off with temperature as 1/T , while the experimental 
curve falls at a much faster rate. Further, the calculations 
do not give a double peak for Nd., 
A more careful calculation has been carried out on the 
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basis of more accurate field calculations. Campbell, Keller 
O 
and Koenigsberg have calculated the potentials in close packed 
crystals in the following manner. The metal is approximated 
as a collection of positive point charges of magnitude q 
superimposed on a viniform negative charge of density p. An 
inner shell electron bo\and to an ion will feel fields dye to 
1. the uniform charge density (valence electrons), 
2. its own ion, 
3. all other ions. 
The potentials 1. and 2, are spherically symmetric and can 
produce no splitting of the degenerate levels. The potential 
3', will have the symmetry of the crystal and will split the 
degenerate levels into a number of components, analogous to 
the Stark splitting by an electric field. 
This model is similar to that used to explain the be-
Q 
havicur of the trivalent rare earth salts. In the case of 
the hydrated salts the splitting is of the order of two to 
three hundred wave niambers. This splitting gives rise to 
anomalies in the specific heatsmagnetic susceptibilities^^ 
L. J. Campbell, J. M. Keller and E. Koenigsberg, 
Phys. Rev. 12^6 (19^1). 
^ G. Penney and R. Schlapp, Phys. Rev. 19i|. (1932). 
10 J. E. Ahlberg and S. Freed, J. Amer. Chem. Soc. 57, 
il.31 (1935). 
G. J. Gorter and W. J. De Haas, Comm. Phys. Lab. 
Univ. Leiden, 2l8b (1931). 
12 
and to many of the lines in the absorption spectra of the 
crystals. Pair agreement between theoretical and experimental 
results has been obtained. Penney and Kynch^^ have emphasized 
the fact that errors arise when a cubic field is assumed in­
stead of the proper field for the crystal. The more recent 
work of Elliott and Stevens on the susceptibility^^ and on the 
1^ 
microwave resonance of ceri\im ethylsulfate has suggested 
some improvements in the theory, such as coupling with states 
of different total angular momentum (e^.£. with J = 7/2 level). 
Now, the ground level of Ce is six­
fold degenerate. In the presence of a hexagonal (^m) field, 
this level is split into three levels of equal statistical 
weight, which correspond to m values (nife = angular momentum 
about the hexagonal axis) of + 1/2, + 3/2* + 5/2. The magni­
tude of the splitting depends on q, the ionic charge, and r^, 
the mean value of the Xth power of the l\f shell radius, where-i 
is prder of the multipole• 
Q 
Using suitable crystal fields, Keller, Koenigsberg and 
P. H. Spedding, J. P. Howe and W. H. Keller, J, Chem. 
Phys. £, ij.16 (1937). 
W. G. Penney and G. J. Kynch, Proc. Roy, Soc. (London) 
A170. 112 (1939). 
R. J. Elliott and K. W. H. Stevens, Proc. Roy, Soc. 
(London) A215, 1^-37 (1952) . 
R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. 
(London) A2l8, 553 (1953). 
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Paskin have calculated the crystal field states and energies 
of hexagonal cerium» These are shown in Figure 1, Calcula­
tions are given in Appendix A. 
In these calculations, q has been taken as being equal to 
3 times the proton charge (e), but this value is probably 
somewhat too large. The valence electrons can be imagined as 
spending part of the time describing orbits about their 
respective ions and part of the time free within the metal. 
Then at each lattice point there is an effective charge of 
somewhat less than 3®- The necessary mean radii can be calcu­
lated using hydrogenic radial wave functions with screened 
effective charge number Z'o Keller, Koenigsberg and Paskin 
17 have taken Z'  = 15 as given by Pauling and Sherman. How-
1  R  
ever, spectrographlc hyperfine structure data give an effec­
tive charge niamber of 23,30 Since r^ is Inversely proportional 
£ to Z' , these figures lead to a considerable discrepancy, par-
i> 19 ticularly for large X, 
Specific heats based on these quantities, and similar 
calculations for Pr and Nd, confirm the previous remarks about 
the inadequacy of the field splitting model. No adjustment of 
16 Earlier unpublished calculations of the author along 
with J. M, Keller and A- Paskin. 
L. Pauling and G, Sherman, Z, Kristo 1 (I932), 
¥0 P, Megers, Revo Mod® Phys, lii# 96 (I942) , 
19 A' Paskin, Unpublished Ph. D« Thesiso Ames, Iowa, 
Iowa State College Library, (1952). 
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m  =  + f  —  
29.9® K 
0 
m=± I 
24.2® K 
m = ± ^  
Figure 1. Field Splitting Energies in Hexagonal 
Cerium. Each of the levels is doubly degenerate, 
corresponding to + m values, where itln is the 
angi^lar momentum about the hexagonal axis. 
"1 
5.68®K 
_J 
-10-
the values of the constants <1 a,nd r-*' will remove the l/T^ 
behaviour at high temperatures or give two bumps for Ndl The 
values of the constants and the splitting energies obtained 
from the field splitting model will be used in this paper 
without further comment because the primary objective is to 
see if the Q-Q interaction does give a significant effect in 
the right direction. If it is possible to fit the experimental 
data, then eventually the constants could be readjusted. 
C. Electrostatic Coupling 
The field splitting model treats the ions, including the 
electrons, as point charges. It ignores in part the higher 
electrostatic moments of the charge distribution of the 
electrons since only the ijf electron distribution of the ion 
at the origin is considered as having these higher moments. 
If the l^f charge distribution about all the ions is included, 
then the symmetry of the electrostatic field may be less than 
that Indicated by the crystal structure. However, the charge 
distribution about each ion may be expanded in even electro­
static moments and the charge (monopole) term will have the 
high s^fmmetry which is considered in the field splitting model. 
Exchange forces are another possible source for coopera­
tive effects in the rare earth metals. The ferromagnetic 
properties of the heavier rare earth metals show that exchange 
effects do exist. In this paper it is assumed that there is 
-li­
no overlap of the I|.f wave functions of different ions , which 
implies that the exchange forces are small (Zener type exchange 
20 forces, however, are not ruled out). Further, it was hoped 
that the electrostatic coupling would remove the discrepancy 
between the theoretical and experimental ciirves, thus implying, 
S. posteriori, that the exchange is small. In any case, the 
exchange forces are very difficult to calculate. 
The electrostatic Interaction will Include the charge-
moment terms of the field splitting calculation plus additional 
moment-moment terms. These moment-moment terms will be 
referred to as electrostatic coupling terms. Only the 
quadrupole-quadrupole coupling terra will be considered in 
detail, since the electrostatic coupling terms fall off as 
where b is the lattice spacing, r the ijj' radius and 
X and X' the orders of the interacting moments. No odd 
moments appear because, as mentioned on p. 2, It is assiamed 
that all wave functions have the same parity. It will be 
shown that the Q,-Q interaction may give rise to coupling 
energies which are of the same order of magnitude as the field 
splitting energies. 
To date, electronic quadrupole-quadrupole interactions 
have been of limited importance from a theoretical standpoint. 
C. Zener, Phys. Rev. I4I1.O (19^1) • 
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21 J&iipp has studied Q,-Q interatomic forces in diatomic mole­
cules. These forces, which are present when the atoms are not 
spherically symmetric in the ground state, vary as the inverse 
fifth power of the separation distance. To facilitate the 
calculation of the matrix elements, Kaipp used symmetrized 
wave functions but retained only those terms in the matrix 
elements foi* which the assignment the electrons is the same 
for each atom. He found that at distances equal to twice the 
sum of the atomic radii,diatomic molecules resulting from 
combinations of atoms of the first row of the periodic table 
have interactions of a few tenths of a volt. The calcula­
tion of forces in crystfals is more complicated because in 
a crystal one deals with a large number of ion sites and must 
start with wave functions with a definite assignment of the 
electrons to specific lattice sites. 
21 Pinkelstein and Mencher recently studied Q-Q inter­
actions in a rare earth salt and have shown that inter­
actions will slightly break down the Kramers' degeneracy of 
the lowest level. The breakdown of the Kramers' degeneracy 
requires a process in which the two coupled electrons (belong­
ing to different ions) make simultaneous transitions , 
the matrix elements are off diagonal in both electrons). The 
mmmm i n  i  i i  j  i  i  i  ,  i  I  • '  •  •  
J. K. Khipp, Phys. Rev. 73k (1938). 
R. Pinkelstein and A. Mencher, J. Chem. Phys, 1^.72 
(1953). 
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calculatlons were made on a salt (cerium ethylsulfate) where 
the large spacing between Ge Ions makes the coupling 
very small. Hence Pinkelstein and Mencher were able to use 
perturbation theory. They obtained good agreement between 
theoretical and experimental values of the magnetic moment and 
the optical rotation. However, it seems hard to justify the 
large values of r that they were forced to use. The small 
perturbation approximation is not good for cerium metal where 
the small separation between Ce ions makes the interaction 
energies large. 
D. Outline of This Calculation 
This calculation may be conveniently divided into two 
sections, 
1, the calculation of the interaction energies for 
several wave functions, 
2. the calculation of the specific heat as a function of 
temperature. 
In calculating the 0.-0^ interaction energies it is neces­
sary to assume wave functions. They are assumed as localized 
to individual ions. For the first calculation, the wave func­
tion used are those valid for weak couplings. Each ion is 
assumed as one of three types, corresponding to one of the 
three values (1/2, 3/2, $/2) of 1ml , The ions of the three 
types are randomly distributed among the ionic sites. The 
calculations are later repeated using two other sets of wave 
functions, not characterized by definite values of Iral . 
In 2, the statistical mechanical partition function 
which describes the system is developed for a canonical en­
semble. The mean number of electrons in each state, the 
energy, the specific heat and the entropy are found by taking 
suitable derivatives of the partition function. For a random 
distribution of the ion types among the ion sites, the number 
of electrons of each type can be evaluated numerically. The 
other properties can easily be obtained if the number of elec­
trons of each type is known. 
Finally, an attempt is made to calculate the properties 
without first assuming a random arrangement of the different 
types of ions among the lattice sites. This leads to a dis­
cussion of two different types of ordering. Both of these are 
so complex that only a start has been made toward understanding 
their effects. 
The calculations are first carried out in detail for the 
case in which m is treated as a good quantum number. The 
other cases are treated in separate chapters with emphasis 
placed on the changes introduced by the change in the wave 
functions or by giving up the assumption of random locations. 
The calculated values of the specific heat are compared 
with the previous calculations and with the experimental 
values. Discrepancies are discussed. 
-15-
II. S4UADRUPOLE-.4UADRUPOLE INTERACTION 
A. The ^uadrupole-^uadrupole Operator 
In calculating the electrostatic coupling, it is assxjmed 
that the interacting ions are far enough apart so that there 
is no overlapping of the iji* electrons, which are tightly bound 
to their respective ions. Under this assumption, the exchange 
interaction vanishes. 
The electrostatic coupling operator which represents the 
potential energy between ij.f electrons belonging to different 
ions may be written as 
oo I iK-
'^-0 7Y1=-X 
where r-j^ < R2 and r^2 distance between the two electrons. 
r2_,T92 the coordinates of the i^f electron belonging 
to the ion at the point 0 and R2>02 coordinates 
of the electron belonging to the other ion at point A, mea­
sured from 0. (See Figure 2.) ^  spherical harmonic 
of degree JL and order m given by Eq. (A.3). Now, since 
^ solution of Laplace's equation, it may be 
written as 
-16-
/ 
/ 
y 
Figure 2. Geometry of Interacting Electrons and 
Ions. 0 and A represent the interacting ions 
and 1 and 2 represent the positions of their 
respective Iii* electrons 
-17-
where r2'^R ^2.''^ 2 ^ ^^^2 coordinates of the 
electron belonging to the Ion at A, measured from A in a system 
parallel to that used for measuring angles from the origin, 0, 
R is the inter!onic spacing. Figure 2 illustrates the geometry 
described here. The are coefficients which are to be 
XP 
determined. Then, if the relalsiott 
. („lf ,Y£™ , • (2.3) 
;is •used, iEa« ••(2.1) becomes 
|— = e^ 2 (-1)"^ 5^ r^ Y^^'d) Z Y^(2)rP/R^''P'^^ , 
^12 jt,m 2i+l 1 i p,q P ^ 
(2c4) 
where (1}; and (2) are written in place of the respective angu­
lar coordinates. 
To evaluate the coefficients is made of several 
relations given by Hill and Landshoff 
^ I 
Ux 3^) U ^  -(^^+1/1 y (z.e+i)Cxjt-i) ' X ~ i  ) 
1 /o ff (i+T^XX+Wfi) \/^ ' (2o6) f d  fi(x+wAJe+WH.) \  
( l \ y \ i ^  (2.7) 
f (^^+l)(^^t) 'x-i) 
E® Lo Hill and Ro Landshoff, Rev. Mod, Phys, 3^, 87 
(1938). 
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bV'ijiir.-'". C'_ ,...1 
Iterating Eqs. (2,5) to (2,10) gives 
U)t B<ll 'X - 1/(.2:i-2«^+0U-vw-Zc<)l 'i-ot ^ ^ 
{ ± - i L \ ^ y ^  I  =/./i/SSiMiSiZL 
\3x 3^/ l^r (
/ 3 /n/W I _ l/(zUl)UtmV.U-mi[ -fl-iy^ 
V (H- l f* l ) ( l tK-Mi-m-Sl \  't-*'' (2.13) 
/3 +iLfYV"^ - r-"**"!) 
\3)< '•s^y !l ' " |( (i l itu*\)(.lm)'. Ut*, 
/i_; a.y'YVf^"' =( ifi/YT'"'^ 
Ux It' ^ ' hun/&fi) il-m)i H > 
(2.12) 
(2.11;) 
(2.15) 
(2.16) 
U£4tr+l)(Jt-
-19-
After performing the indicated operations on both sides of 
Eq. (2«2) , one obtains 
^ '  ] lw+-/s+?r'^ 
V \f\l 
f)1r 
<|.to^7g 
\ / O * ' 
(2.17) 
Eq. (2,17) must be valid independent of the magnitude of r2. 
If Irgj—>0, then all terms in the double sum of Eq. (2,17) 
vanish except the term for which the exponent of r2 vanishes. 
Then 
p- a -p- Y  = 0 , 
q + a - (3 = 0 
The right hand side of Eq. (2,17) becomes 
(2.3S! 
Then 
.( ,\H Y7m\) ,2 iQl 
-20-
where R,©, and ^  are the coordimtes of the ion at A. For 
ease in tabulation, may be written as 
f"''' - l/'tifi , I Y (® 5) Cr'") 
'- if, % J-Zft (jMfH) h*f' -
Prom Eq. (2,I|.) , it is evident that the terms of the inter­
action operator diminish with increasing £ and p. This is so 
because the terms are proportional to r^ * The terms 
X = 2, p 5= 0 and £ == if, p ^  0 have already been included in 
the field splitting calculations for in those calculations the 
interactions between all multipoles of one central ion and the 
field due to all other ions are considered. Since each ion is 
in turn corisidered s^s the "central** ion, the field splitting 
model includes all interactions involving charges (monopoles) 
coupling with all electrostatic moments. The first term 
introduced by the multipole-multipole interactions is the 
interaction ( Ji= 2, p = 2). The Q-Q, interaction operator is 
5* I i 
Q = e^V,V^ R Y4(®,5) , 
(2.21) 
where 
-21-
Table 1. 
Values of a™^ 
m q -mq 
^22 
0 0 6 
1 1 yi^u 
1 0 
1 -1 
2 2 ffU 
2 1 t3? 
2 0 vis 
2 -1 tr 
2 -2 1 
The values of the various values of m and q are listed 
In Table 1, 
B. •4uadrupole-4uadrupole Matrix Elements 
The quadrupole-quadrupole coupling energy between two 
electrons , one in a state s and bound to an ion at the origin 
0, the other in a state s' bound to an ion at the lattice 
point R, is 
A ^ s ** 3' ^  S I 
(OslQIRs') = JJ X">X'" Qt'" (2-23) 
-22-
where 1 and 2 refer to the coordinates of the respective l|f 
electrons, 'yQ(l) is the wave function of the electron 1 
bound to the ion at 0 etc., and Q is the quadrupole-quadrupole 
operator. 
Before proceeding further, it is of interest to discuss 
the form of the wave f-unctions ,' q^. These are in principle 
determined by Schroedinger's equation. However, it is a hope­
less task to try to solve the Schroedinger equation for a cry­
stal, With weak interactions it might be reasonable to 
use perturbation theory starting with the wave functions 
which are valid in the absence of interactions. The wave 
functions which treat ra as a good qviantura niwiber, have 
already been discussed and are indicated in Appendix A. It 
will be shown that the interaction is not weak and it is 
hoped that the interaction will produce a strong coopera­
tive effect. Because of the difficulty of selecting proper 
wave functions, the calculation will first be carried out 
assuming wave functions suitable for weak interactions. 
Qther possible wave functions will be examined later. 
If m is treated as a good quantum number, an important 
theorem results. Consider an ion position A and a pair of ion 
positions B and B' equivalent to each other, with respect to 
A, in the sense that B' can be obtained from B by one of the 
crystal symmetry operations (rotations and reflections) that 
leaves position A unaltered. Then, electrostatic interactions 
(including Q,-Q, etc.) between an m type ion at A and an m' type 
>23-
lon at B' is the same as if the ra' Ion is at B. Crystal rota­
tions and reflections are treated separately. The proof 
follows: 
1. Rotations 
Let ^ be the angular rotation that brings B' to B, 
which may be represented by its cartesian components as 
D g ,  =  ( 0 , 0 , < P )  .  
Now 
^ '\|/m' 
^B''B' - e 
-ira ijym' 
"b.TA •imfym 
(2 .2k)  
Carrying out the indicated rotations on coordinates 
(1) and (2) in the integral of Eq. (2.2}) (with ©2/^12 
replacing Q,) does not affect the value of the integral, 
This shows that 
(Ara||—)B'm') 
^12 
(Am(|-^|Bm') 
12 
(2.25) 
2. Reflections 
The reflection planes of 6m symmetry are the xy plane, 
the yz plane and the planes normal to the xy plane which 
make an angle of + 60° with y axis. The first two of 
these reflections change the sign of only one of the 
coordinates (x and z respectively). The second two 
'2k-
change the sign of y' in a system x', y', z« obtained 
by rotating the original system + 60° from the y axis 
about the z axis. In the rotated system distances are 
conserved, so 
2 ^ 2  , 2  ^  , 2  X + y = X' + y' » 
Now, the Integrand of E<1. (2«23) contains a pro-
2 
duct of two terms of the form , which can be written 
Ito!'^ = "o ^ 0 + «2 ^ 2 + ^2 • "6 ^ 6 ' 
where the o's are constants. In the even spherical 
harmonics of zero degree, the coordinates appear as 
terras of the form 
+ /)•» , 
where n is even and 2m + n = 0,2,ij., 6... , depending 
on the order of the harmonic. Hence the substitution 
of -z for z, -X for x or -y' for y» will not change 
the value of |' q^| . Therefore, Eq. (2.25) holds for 
reflections as well as rotations. 
If the various electronic states are considered as being 
randomly distributed among the ion sites, then the interaction 
of one ion with ions of type i is Just times the inter­
action if all ions were type i. Now, if all other ions are of 
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type i, the form of the operator Q, [Eq, (2.21)] may be simpli­
fied. The interation between an ion and all other ions is 
included by summing over all other ions. in Eq. 
(2,21) is replaced by E(Yr™'''^/R^)„, where n indicates the 
n 4-
various ion positions.) The svun varnishes in a hexagonal cry­
stal unless 
- m - q = 0 . 
The Q-4 operator summed over all ions of the crystal will 
be written as ^  and is 
This operator is invariant to interchange of the wave func­
tions of the two electrons. 
The summation over n (over all ions) has been evaluated 
8 by Campbell, Keller and Koenigsberg and is given by 
2 (Y^/R^)n = -1131+ X 8/b^ = , (2.27) 
where b is the lattice spacing in the plane normal to the 
hexagonal axis. (b is used instead of a to avoid confusion 
with the lattice parameter of a cubic close packed lattice.) 
Using the operator ^ [Eq. (2.26)], the matrix element for 
the interaction between an ion in state m^ at the origin and 
all other ions of the crystal in a state mg may be written as 
-26-
^ II 5 \) '^C^)' . (2.28) 
-T T 
Integration over r in Eq, (2.28) gives ^]_ ^2 ~ ^  (2*28) 
can now be written 
(Z-k){(Z*k){ 
(2.29) 
where J is the angular and spin part 
Eq. (2,29) can be expressed as a certain coefficient times 
two elements of the form 
, C m, k .111, 
(mi|Y>2) = 1)^(1, aw, . (2,30) 
Matrix elements of the form of Eq. (2.30) with k = 0 have been 
evaluated by Stevens^^ for the ground states of all rare earth 
elements. This group theoretical approach is discussed in 
Appendix A, where it is applied to the term splitting in a 
hexagonal field. Stevens replaces the spherical harmonics by 
equivalent angular momentum operators which, when operating in 
a manifold of constant J, give the m dependence of the rer 
quired matrices. This operator method yields the matrix ele­
ments except for a normalizing constant. 
K. W. H. Stevens, Proc. Roy. Soc. (London) A6^, 209 
(1952). 
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Por the case at hand (l.o£. , crystal field splitting wave 
fimctlons) non-vanishing elements of occur only 
when k = 0, and the matrix elements tabulated by Stevens are 
applicable. However since the matrix elements will 
be wanted later, they will be derived at this time, 
Stevens showed that the matrix elements (J m+kjYg|j'm) 
can be obtained from the matrix elements (Jm|Yg|j'm). To do 
this, use is made of the Wigner coefficients, given in the 
2<X 
Van der Waerden notation by 
with M = m + m' and J = j + j' (X=0,1, , Then 
(Jm|Y°lJ'm) = aC^, , (2.32) 
with = s,m' = 0, / =s + J' - J; and 
(J m + k|Y^lJ'm) = aC^, , (2.33) 
with = s,m' = k, j = J' , m = M ,  A = s  +  J '  -  J  .  I t  i s  
noted that Y^ only has matrix elements between states for which 
Am = k. The coefficient a is independent of k and m. Eqs. 
(2.32) and (2,33) allow the evaluation of terms of the form of 
Eq. (2.30). The elements (m + klYglra) are listed in Table 2 
B. L. Van der Waerden, Die Gruppentheoretische Methode 
in der '^uantenmechanik [Springer, Berlin (1932) ] , p. 
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Table 2. 
Matrix Elements (m+klY|lm) 
m k=2 k=l k=0 k=-l k=-2 
5/2 0 0 10 kfiS/z yio 
3/2 0 -k fi5/2 - 2 2 yiF yios 
1/2 -US -2 1'12 - 8 0 fm 
-1/2 1fIo8 0 - 8 -2tl2 iZo 
-3/2 zflE - 2 'k 115/2 0 
-5/2 k V 1^/2 10 0 0 
for J = J' = V2. 
The matrix elements (m^mgl Q|mj^m^) may now be written as 
(m^mgj^lmj^mp = Kj^(m^(Y2^|in|) (m2|Y|(ra^) i|.n/5 > (2.34) 
where 
% (2H.k)'t(2-k)i • (2.35) 
This form is possible for Eq. (2.34) because the non-vanishing 
elements occur only when m-[ = m^ + k. 
Consider a sample matrix eleit^ent, say 
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Table 3. 
—• Q Q2 K 
The Matrix Elements (111^1112 ^ ^ (® r D|^ a A)" 
k = 2 (inj^ ~ "^1 ~ 2, = m2 + 2) 
(5/2 1/21^11/2 5/2) = 60 
(5/2 -I/2III1/2 3/2) =36^5" 
(5/2 -3/21^11/2 1/2) = 36T5 
(5/2 -5/2|l|l/2 -1/2) = 60 
(3/2 -1/2IqI-1/2 3/2) = 108 
(3/2 -3/2Iq1-1/2 1/2) = 108 
(1/2 -3/2IQI-3/2 -1/2) = 36IT 
k = 1 (raj^ ~ " 1 ^ = ni2 + 1) 
(5/2 3/21^3/2 5/2) = -i;80 
(5/2 l/2|Q|3/2 3/2) = -96 flo 
(5/2 -1/2la 13/2 1/2) =0 
(5/2 -3/2|a|3/2 -1/2) = 96^10 
(5/2 -5/2 III 3/2 -3/2) = 1|80 
(3/2 l/2la|l/2 3/2) = -192 
(3/2 -1/2(111/2 1/2) =0 
(3/2 -3/2 111 1/2 -1/2) = 192 
(3/2 -l/2lq|l/2 -1/2) = 0 
^ Note: (m^m2|Q.lm£ra^) = (m2m^|Q|m^mj^)=(-ra^-m2|*^|-ra2-m^) . 
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Table 3. (Continued) 
k = 0 (mj^ = = ni2) 
(5/2 5/21115/2 5/2) = 600 
(5/2 3/2 1115/2 3/2) - -120 
(5/2 I/2IH5/2 1/2) = -I(.80 
(5/2 -1/2 HI 5/2 -1/2) = -k-QO 
(5/2 -3/2|Q|5/2 -3/2) = -120 
(5J/2 -5/2|Q|5/2 -5/2) = 600 
(3/2 3/2IQ13/2 3/2) = 21], 
(3/2 1/21qj3/2 1/2) = 96 
(3/2 -1/2|^|3/2 -1/2) = 96 
(3/2 -3/2|i|3/2 -3/2) = 2i+ 
(1/2 1/2(411/2 1/2) = 381}. 
(1/2 -1/2 III 1/2 -1/2) = 381^ 
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(5/2 l/2lil5/2 1/2) = K^(5/2|Y°|5/2)(l/2(y°ll/2) W5 
= X 10 X (-8) = 80Kq 
= -i|.80 a^/i^. . 
Stevens has shown that a = -2/35• The matrix elements are 
listed in Table 3. In the calculations that immediately 
follow, only the terms for k = 0 will be used. The other 
terms will be of importance in Chapter IV. 
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III. THE PARTITION FUNCTION 
If one knows the energies of the various states of a 
system, then one can calculate the specific heat by the usual 
methods of statistical mechanics. One finds the partition 
function for the system and obtains the properties of physical 
interest by taking suitable derivatives. 
The partition function for the ij.f electrons of cerium may 
be derived from a canonical ensemble of systems having the 
same total number of ions N. The probability of finding a 
random system of N particles in a particular state (specified 
by the in a canonical ensemble is 
/2.-E(N.) 
P[E{N^)] = exp ' , (3.1) 
where-0. is the Helmholtz function, E(Nj^) is the total energy 
of the ij.f electrons which is a fimction of N^, Nj ... , vftiere 
Nj^ is the n\imber of ions and 
2 Nj = N . (3.2) 
l9 = kT, where k is Boltzmann's constant and T is the absolute 
temperature. Summing Eq. (3«1) over all possible values of 
the with the proper statistical weighting factor for each 
set of N^ gives unity, for the system must be in one of the 
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states of the ensemble. Thus 
Z P[E(N^)] G(N^) = 1 , (3»3) 
where G(Nj) is the weighting factor for a given set of N^, Nj, 
etc. The summation is subject to the restrictions of Eq, 
(3«2), 
The partition function Z is defined by 
z = 6-^/® = X e-E(Nl)/# ) . (3.1,) 
all states 
In this section the partition function will be calculated 
neglecting all effects of order. The system will be con­
sidered as a collection of ions of different types randomly 
distributed among the lattice positions. Then the matrix ele­
ments of Table 3 are applicable. The effects of various sorts 
of order will be discussed in Chapter VI. 
Consider a system of N ions , with i|f electrons in a 
state i, Nj with I}!" electrons in a state j, etc. The total i|jr 
electronic energy is 
® = f "i'^l * 1^1 pair' . (3-5) 
where €^ is the single particle (crystal field) energy and 
^i pair interaction energy of the electron of an i type 
Ion with all other Ij-f electrons through two particle or pair 
(0,-0,) interactions. On the average^ the a priori probability 
'3k-
of a particular site being occupied by an ion of type j is 
(This constitutes the random arrangement approximation#) 
To obtain £ pair' interactions of an i 
type ion at one site with a j type ion at all other sites must 
be calculated. This sum is denoted as€. ^ is multiplied 
by and summed over all the ion types j to obtain 
® ^ "l^l ^ 2 • '3-^' 
J 
The €. ^  are the term splitting energies as given by the crystal 
field. These are derived in Appendix A and illustrated in 
Figure 1. TheC are the ^-4 matrix elements for k = 0 
(evaluated for Q.) listed in Table 3. For convenience, the 
following notation will be used in the computational sections 
1, j = 1, 3, ^  
corresponding to 
1 m = + 1/2 , 
3 m = + 3/2 , 
^ m ~ ^  ^/2 • 
The values of and € in ergs are listed in Table The 
following values are used for the energy parameters r^, r^, 
q and b: 
r^ = i|.oi|.8 X 10"^^ cm^ , 
= 2.91^5 X 10"^^ cm^ , 
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Table i).. 
Energy Constants 
€, s 0 
^3 
€5 
e 
11 
13 
^15 
^33 
^35 
^55 
71]..6 X 10"^^ erg 
25,5 X X0~^^ erg 
21.2 X 10'^^ erg 
5,30 X 10"^^ erg 
.26.5 X 10' •16 erg 
1,32 X lO"^^ erg 
-6.62 X 10"^^ erg 
33.1 X 10'^^ erg 
The field splitting 
levels, taking the low­
est level as zero 
q = 3e (e is fundamental proton charge) 
b =: 3*62 X 10~^ cm. 
The total energy in this approximation is complete determined 
bjr the occupation numbers and by certain energy constants. 
The presence of the double sum in Eq, (3*6) presents dif-
ficultles when Eq. (3.6) la Inserted in Eq. (3.i}.). To simplify 
the calculation, the energy is linearized in the following 
manner. 
Let 
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+ (N^ - Nj.) , (3.7) 
where is the mean number, over the ensemble, of particles 
in the state i defined by 
17 = 2 N. P[E(K.)] G(N.) . (3.8) 
^ Ni • ^ 
is now the important quantity to determine as a function of 
To Then 
^i^j = ^  ^ + f7(Nj-Nj) + fJ(N^-Nj) + (N^-iq*) (Nj.-Nj) . (3.9) 
It is assumed that the last term of Eq. (3.9)^which represents 
second order departures of from IfJ JfJ [second order in 
(Ni-NY)]>is smaller than the other terms and may be neglected. 
This approximation cannot be justified and the neglect of the 
last term may alter the results considerably. However it can 
be shown that the neglect of this term is not self-contradic­
tory. The mean value of the discarded term has been calcu­
lated under the assumption that it may be neglected, and it is 
shown in Appendix B that the mean value of the discarded term 
is smaller, by a factor of l/N, than the terms kept. Now if 
Eq. (3*9) (minus the term which is assumed to be small) is 
inserted in Eq. (3.6), one obtains 
E  =  2 N .  £ . +  2  N .  N T C . . / N -  2  -  ( 3 - 1 0 )  
i i,j ^ ^ ^ J 
For the random array G(N^) is the number of different 
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ways of dividing N distinguishable sites into sites of type 
1, Ng of type 2, etc. This number is 
"'"i) = Ffrr • (3.11) 
i ^ 
The partition fimction then becomes 
Z = exp (-2 + 2 iq; fJ6j_^/2N?9) , (3.12) 
where 
i I • (3.13) 
The sum in Eq. (3.12) can be carried out at once by the multi­
nomial expansion theorem. The si»i is over all values of 
subject to the restrictions of Eq. (3«2). Now, by the multi­
nomial expansion theorem 
Ml ^ (3.1i+) 
ZMc-M 
Ono can write 
"i _ "i exp (-2 = •Jt(exp -E^/^ ) = n , 
i i ^ 
where 
= exp . 
Then the partition function becomes 
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Z = (exp 2 N.  N.e .  ./2Nj9)(2 X. . (3.15) 
J- J j-j 1 J-
By Eq. (3.8), the mean number of ions in the state i, 
is given by 
iJ- = -19-^^ , 
SEj 
-^ J6 
"i = " "-E./e • ".16) 
2 e 
S, the mean value of the total i^.f electronic energy, is given 
by 
s _ ain Z 
® - " aTW ' 
E = N ( S n ^ £ ^ +  2  n ^ n ^ e ^ ^ / 2 )  ,  ( 3 . 1 7 )  
where = N^/N. The specific heat is given by 
= (3E/aT)^ 
= R 2 (£^ + 2e^j. n^) dn^/d0 , (3ol8) 
^ J 
where R = Hk. 
Thus, In order to obtain the specific heat as a function 
of temperature, it is necessary to know the n^ and the 
dn^/dS as functions of temperature. 
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IVo METHOD OP SOLUTION 
A. Calculation of the Occupancy Numbers 
of the Various States 
The mean occupancy nxambers (and the occupancy fractions 
= NY/N) of the various states can be obtained from Eqs, 
P (lol6). Consider a system of p types of states (2 = N). 
1=1 ^ 
Then taking logarithms of Eqs« (3«16) gives 
P 
In N./N = -E^/e - In 2 exp (-E./e) , 1 = 1, 2 ... p, (4»1) 
j=l ^ 
The sum of the p Eqs. (J+.l) gives 
P P P 
-p In 2 exp ~E ./9 = 2 In n7 + 2 E./9 . (i|.»2) 
j=l ^ 1=1 ^ 1=1 ^ 
For hexagonal cerium p = 3? for the and the are the 
same for the states + m. Then inserting Eqs. (3.I3) and (i|o2) 
in (ij-.l) gives 
3 Jl/Y\ Tilif . ( 4»3 )  
t t t 
The last term in Eq. (i|-»3) vanishes, because the equation 
2 = 2 G. . = 0 
1 j 
-ifO-
holds for a random array. Eq.. (l4..i|.) is equivalent to the 
statement that the sum of the charge densities over all of the 
states of a level is spherically symmetric. This can easily 
be seen from an examination of the matrix elements € : 
= j j Ycr/ Q c(i;, aTij.  ^
C/ri^SfQ 
where Q, Is the quadrupole-quadrupole operator. Now I I 
is proportional to the charge density of the state m^ and 
D i j = i j  i Y o ) f Q i w w i ^ i T r t n ^ . .  
The sum of the charge densities of all the allowed ground 
states is spherically symmetric (^.£., 2 trr is invariant to 
" m 
an infinitesimal rotation when the summation is over a complete 
manifold ofs for a given J; the spherical symmetry can 
also be shown to follow from group theory because wave func­
tions of a given J generate a unitary representation of the 
continuous rotation group). Now, as described in section 
II.B., the matrix element contains products of the form 
j C) X") to) a(o, = j 11 ''m . (2.30) 
If Eq. (2.30) is summed over m, one obtains 
\ Y^co Z-l c Yo^'^ cioJi - 0. 
Yq Is a spherically symmetric function and C is some constant. 
By the orthogonality laws of the spherical harmonics, the 
integral vanishes for all k. This shows that Eq. is 
valid. 
The Eqs. are a set of simultaneous non-linear equa­
tions which give the n^ as functions of the£^,6^j and 9. 
The solution of these aquations is necessary in order to ob­
tain the specific heat. Further, the values of dn^/d9 are 
required for the calculation of the specific heat [see Eq. 
(3*18)]« The dn^/dQ are obtained by taking derivations of the 
Eqs. (14-.3) with respect to 9 and solving the resulting linear 
equations for dn^/d9. The equations for dn^/d9 are 
Only two of three Eqs. {lj..3) and two of the three Eqs. 
are independent because of the auxiliary conditions 
i  ^ i  3- J  
(U.S) 
2 n. = 1 
i 
in Eqs. (ii..3) and 
2 dn^/d9 = 0 , (4.6) 
in Eqs. (1|.5) • 
-1+2-
The solution of Eqs. (I4. .5) presents no difficulties once 
the n^ have been determined since the equations are linear in 
dn^/d9. However, the Eqs. (i|-.3) which are non-linear in the 
n^ must be solved niomerically. Two methods were applied: 
1. Sampling. 
The Eqs. (i|.3) he written as 
36i - + 3 I 
6. = —^—J::::: — , (i,J = 1,2,3) , ik-l) 
3 In n^ - 2 In n. 
1 j j 
where 0^ is the value of 9 determined by the ith equa­
tion of Eqs. (I4..3). To solve the Eqs. (if.?), one of 
the n^ is fixed and a set of values nj (j?^l) are chosen. 
The three 0^'s are calculated for each set of values 
of nj. A solution exists when all three 0^»3 are 
equal. By sampling for a fixed value of sufficient 
data are obtained to plot 6^^ as a function of one of 
the 5^'s {j?^i). The solution occurs at the values of 
e and n^ at which the three curves cross. This method 
has been used for the larger values of occupancy frac­
tion of the highest state. A sample plot of 0 vs. n^ 
w i t h  f i x e d  i s  s h o w n  i n  F i g u r e  3 .  
2. Successive iterations. 
Consider a set of equations, 
'k3' 
100 
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-10 
2 5 .7 3 .6 9 
Figure 3. The Solution of Eqs. (lj..3) ^7 the Sampling 
Method. 9i refers to the equation used to obtain 
the curve. In this graph TT^ = .100. The solution 
is 9 = 14.2,5 X 10"^° nT = n^ = l-n^-fT? = 
.355. 
3 In - 2 In n^. + 3i^/Q - 2£^./e + 3 ? =f^ . 
J J J 
(i^-8) 
4 solution for the n^ is sought such that To 
obtain the solution, the Eqs. (i|..8) are expanded in a 
Taylor's series about a trial solution n^and the first 
four terms are kept. Then 
= •?? + Z (E~ - n:°)oV3^'_-o —0 —o 
where ^  ^ is the value of at the trial solution and 
the derivatives are evaluated at the trial values. 
The Elqs. (i|..9) are linear in the (iEi^ - 5^°) = 
T^fo of the Eqs. ([|..9) and the auxiliary condition 
2 An7 = 0 , (i|.10) 
are used to obtain the values of An^. The An^ give 
the n^ which become a new set of trial values for use 
in Eqs. {i|,e9)« This procedure is repeated until 
differs from zero by less than some arbitrary small 
value. This method has been used to obtain the solu­
tions for small values of 9. A sample calculation is 
included in A,ppendix C. 
Once the n^^ are obtained for particular values of 9, the 
solt^tions for dn^/d9 follow immediately by inserting the 
~i+5-
values of in Eqs, a-^d solving the simultaneous linear' 
equations. The values of n^ and dn^/dS are listed in Ts-ble 5« 
Figure J4. shows a plot of n^ vs. 9 (curves A) . 
B. Calculation of the Specific Heat 
The specific heat can be calculated by Inserting the 
values of and diii^/d0, obtained in the previous section, in 
Eq, (3.18). The values of the specific heats are given in 
Table Figure 5 shows a plot of the electronic specific 
heat absolute temperature, The curve A is a plot of the 
electronic specific heat obtained as described hereo The 
curve E is the experimental curve obtained by Parkinson, Simon 
and Spedding.^ This is obtained by subtracting the specific 
heat of lanthanum from that of cerium. The structure of the 
samples used by Parkinson, Simon and Spedding was checked at 
room temperatures by X-rays« One sample showed only the face 
centered cubic phase, while the other showed both the hexa­
gonal and face centered cubic phases. The location of the 
peak is slightly different for the two sampleru The height of 
the low temperature peak depends somewhat on the speed of 
cooling. The curve D is the specific heat calculated by 
1_ 6 
Keller, Koenigsberg, and Paskin on the basis of the field 
splitting model. 
The I|f electronic entropy at high temperatures is the 
same for the theories used to obtain curves A and D, namely 
Table 5. 
Calculated falties of d^/d© and at Varioms Tempemtures 
ijiantity T § ^ ^ ^ d^/d© cfi^/d© i^/dQ C^/k 
Units Ok 10"^  ^ 111 10  ^ 10  ^ = 
erg erg""l erg"! erg"^  
7.2li 10 o?0935 «00071 .28S»9it -6.057 M9 5.588 .0823 
IO086 15 e6B0?0 c0061il ,31289 =5.963 l«8iiO 1 .^123 .1768 
ll4®W 20 065275 .01905 ,32820 -5.515 3»088 2M7 c25l6 
20^78 28.? .606 .050 ,3hh -li.823 3o772 1.051 «2875 
30.76 1 .^5 .51i5 clOO o355 -3«1M 3«250 .19lt .2398 
Wi.l7 6I0O .li98 .150 «352 =2.210 2.210 0 .1621 
65.53 90.5 .IM .200 .350 -1.130 lo229 -.099 .0883 
in.88 I5iic5 <>li05 .250 o3ii5 = Ml .li98 =,050 .0357 
n j  
170 160 100 no 130 140 150 20 50 80 90 120 0 10 30 40 6 0  70 
Figure i|-o ni as a Function of 9= The solid curves A are those calculated for wave 
, functions which are appropriate in the absence of Q-Q interactionso The dashed 
curves B are calculated for wave functions which give zero electronic entropy at 
absolute zeroo 
\ 
60 50 40 30 
T ®K 
20 
Figure 5° The Specific Heat of Hexagonal Geriim as a Function of the Absolute Tem­
perature,, Curve A is the specific heat obtained using wave functions which are 
appropriate in the absence of interactionso Curve B is the specific heat ob­
tained using wave functions for which all electrons are in the ground state at 
absolute zerOo Curve C is obtained using temperature dependent wave functions 
with p-10®K« Curve D is the specific heat for the field splitting model as cal­
culated by Keller, Koenigsberg and Paskinlo„ Curve E is the experimental data! 
for ceriumo This is obtained by subtracting the specific heat of La from that 
of Ceo 
R In 6 per mole. In both theories there is a contribution to 
the electronic entropy of R In 2 per mole at absolute zero 
which arises from the Kramers degeneracy (all states are 
doubly degenerate). This contribution will not be treated 
further in this paper; the electronic entropy will be measured 
from R In 2 per mole, The difference between the entropy at a 
temperature T and the entropy at absolute zero is 
- So = I d(ln T) . (ij.<,ll) 
o 
It is not obvious from Figure 5 that the entropy at high tem­
peratures is the same for the conditions of curve A and ciirve 
D. It can be shown that there is an additional entropy contri­
bution at absolute zero for the conditions leading to curve Ao 
If this contribution is added to that given by E^o (i|.oll) 
(under the same conditions)j then the electronic entropies are 
the same for both theories» Now 
ST = E - P , (ij-ol2) 
where S is the electronic entropy, T is the temperature in 
degrees Kelvin, E is the total energy of the iii* electrons and 
P is the free energy given by 
P = - 0 In Z , 
P = - ,(Sf/2) . nTej_. - Ne In 2 . (ij.«13) 
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Th 6} n 
S = (Nk/e)(2 nTe. +2 nT 57 6.,) - Nk In 2 X. . 
i  J -  i  X  J  I J  J  J  
Now, by multiplying Eq. (ij..l) by n^ and gumming over i, one 
obtains 
- In 2 Xj = 2 rij In nj + 2 nj£ j^/e + 2 nj nT € j^j/9 . (4.15) 
J 1 i i^j 
I'lhen Eq. (l+tlS) is inserted in Eq. (ij-.H}.) , one obtains 
S = - Nk 2 n7 In n7 • (ij..l6) 
i 
At high temperatures 
n^ = = n^ = 1/3 , 
and the entropy is given by 
« R In 3 per mole , (4*17) 
exactly as for the field splitting model. At absolute zero 
two states are occupied (see Figure 1+, curves A) and the 
entropy at absolute zero is 
Sq = - R In n^ + nj In n^] . (ij-.lS) 
Thus there is a contribution to the entropy, due to the iii" 
electrons, at absolute zero. Its value is 
Sq = .509 R per mole 
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It should be pointed out that Eq, (1|,16) is valid for any 
system in which the energy is linear in the number of parti­
cles in the various states and in which the particles are 
distinguishable. 
This discussion of entropy, and in particular of the 
electronic entropy^ has been included because the inter­
actions have been calculated for the wave functions appropriate 
in the absence of the Interactions. These wave functions 
have been used because of the difficulty In obtaining proper 
wave functions. Using these wave functions, there is a residual 
entropy at absolute zero which is of the order of that ob­
tained from Eq. (ij..ll) . The magnitude of the residual entropy 
and the deviation of curve A from curve E (Figure 5) necessi­
tates a re-examination of the assumptions used to obtain curve 
A, The assumptions made in order to calculate the contri­
bution to the specific heat may be enumerated as follows: 
1. There is no overlap of the [j.f wave functions of 
neighboring Ions . 
2 .  The wave functions are those appropriate in the 
absence of 0,-^^ interactions . 
3. Large deviations of from are improbable. 
1|. The various [(i* states are distributed randomly among 
the lattice sites. 
The fallacy of any or all of these assumptions may be 
responsible for the discrepancy between the experimental and 
theoretical values of the specific heat. The interaction 
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energies are large and these Interactlpns must contribute to 
the specific heat. Therefore, in the following chapters the 
last three assumptions will be relaxed in an attempt to find 
the basic reasons for the discrepancy between theory and 
experiment. In Chapter V the second assumption is relaxed and 
the specific heat is calculated for two different sets of 
wave fimctions. The last two assijniptions are re-examined in 
Chapter VI, which is a study of the effects of order on the 
interaction and the specific heat. 
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V. SPECIFIC HE4T USING DIFFERENT WAVE FUNCTIONS 
A. The Wave Functions 
The calculations up to this point have been made using 
the interactions determined for wave functions with 
definite values of 1ml. It has been shown that these wave 
functions lead to a finite ij.f electronic entropy (in addition 
to the Kramers' degeneracy entropy, R In 2 per mole) at abso­
lute zero. The finite entropy at absolute zero suggests that 
the wave functions used are not appropriate for cerium. One 
approach which seems reasonable is to seek a set of orthonormal 
functions such that at absolute zero the i|f electron of each 
ion is in the same ground state, and hence there is no residual 
entropy at absolute zero. A treatment on this basis follows. 
Let the ground state wave function be 
, (5.1) g m ™ 
where ra = + 1/2, + 3/2, + 5/2 and the a^ are coefficients to 
be determined. If the iji" electrons on each ion have the same 
wave function [Eq. (5-1)]} then the (Q-Q) interaction energy 
between an ion at the origin and all the other ions of the 
crystal is given by 
-Bh' 
J J y»\ yi T ^ " 
~ 2- ) (5«2) 
w,r),fj% 
where the (mnlQjpq) are the matrix elements listed in Table 3 
and the sym is over all values of m, n, p and q. It is con­
venient to introduce a new notation at this time in order to 
combine all matrix elements with the same coefficient 
a^ Ep a^ in Eq. (5#2). For example, the matrix elements 
(3/2 1/21515/2 -1/2), (1/2 3/21515/2 -1/2), (3/2 l/2l5l-l/2 5/2) 
and (1/2 3/21®|-l/2 5/2) a^l have the ooefflelent 
^3/2 ^ 1/2 ^ 5/2 ^ -1/2* matrix elements in the new notation 
are defined by 
(l«.«lt|TO>i) = |[( "C' j dt. d tt, 
(•vMiWUm'-Mi) ® ^[(v»i,Wt|5NX) i-lwii-witlQlvtiiwi) 
+ ^ (5.3) 
where the (m^ing are the matrix elements listed in 
Table 3. The new notation includes the terms for the various 
values of k and the same numbers ra^, ra2, in a single 
matrix element# The resulting matrix elements (m^raglraj^m^) are 
listed in Table 6. 
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Table 6, 
2 
a 2 P 2 / 1 The Matrix Elements (m^ra2jiti) x (e r D|^ a /i|.) 
(5/2 5/2|5/2 5/2) = 600 
(5/2 3/2 15/2 3/2) = -600 
(5/2 1/2 15/2 1/2) = -ij.20 
(5/2 1/2 13/2 3/2) = -192 f5 
(5/2 -1/215/2 -1/2) = -480 
(5/2 -1/2)3/2 1/2) = 36 f5 
(5/2 -3/2|5/2 -3/2) = -120 
(5/2 -3/2|3/2 -1/2) = 96 YlO 
(5/2 -3/2I1/2 1/2) = 36 fio 
(5/2 -5/215/2 -5/2) = 600 
(5/2 -5/213/2 - 3/21 = i|80 
(5/2 -5/211/2 -1/2) = 60 
(3/2 3/2)3/2 3/2) = 2k 
(3/2 1/213/2 1/2) = -96 
(3/2 -1/213/2 -1/2) = 20i| 
(3/2 -1/2(1/2 1/2) = 0 
(3/2 -3/2I3/2 -3/2) = 21^ 
(3/2 -3/2|I/2 -1/2) = 300 
(1/2 1/2 |l/2 1/2) = 3814. 
(1/2 -1/211/2 -1/2) = 384 
Note; (m^m2jmj^in^) = (-ra^-ra|) 
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Now the energy may be written as 
E =(H^lbl')£, 
I % - Si) 
+ Z.(W^'l C.|''+(('|'W|^X'/*-y4 'fe t-2,((icyf'toSi! bf •i-bd(i^tb'd"a^)('tVi,|-l4,^^ 
+1 ((c|Nf i^/di^iji^x^t 5^1 % ^ (5.i^, 
where 6and € ^  are the single particle energies given 
in Chapter III and 
^1/2 ~ ^-X/2. ~ ^3/2 ~ ^-3/2 ~ 
~ ^ ^-5/2 ~ ^  * 
Eq. (5»U-) gives the energy when all i]jf electrons are in 
the gro-pnd state. It is required that thig energy be a mini­
mum subject to the condition that^ is normalized; i.e., g 
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2!a  =  1  .  (5 .5)  
m 
The coefficients may be obtained by applying the Lagrange 
indeterminate multiplier method to Eqs. (5*4) (5.5) • A 
direct application of the Lagrange method to Eq. (5.1+-) leads 
to six simultaneous equations of the fourth degree. Since the 
solution of simultaneous equations of such high degree is dif­
ficult, approximate solutions were first found and then the 
approximations were improved. 
To approximate the solution, only terras of the form 
2 2 2 (a^l and |a^\ |a^| were kept and the Lagrange method was 
2 
applied, taking logarithms with respect to |a^| . The result-
2 Ing equations are linear in the la^| and the coefficients may 
be readily obtained. The procedvire of finding extremals by 
making derivatives vanish is only valid for "Internal solu-
tions" that happen to lie within the domain o£:laj^| £( for all 
2 2 i. The solutions obtained implied values |c| and idr<o. 
Therefore a modified solution was found by initially setting 
c = d = 0. 
The solution was Improved by expanding Eq. (5*^) In ®-
Taylor's series about the values obtained as above. Third and 
higher derivative terms in the Taylor expansion were dropped. 
The resulting expression was minimized under the auxiliary 
condition, Eq. (5.5)• Now, when c = d = 0, only one term not 
of the form oi' remains in Eq. (5.1l-). This 
term, as will be shown in Appendix D, can be treated as real, 
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and hence all the a^ are considered real. Then, the applica­
tion of the Lagrange method to the Taylor expansion of Eq. 
» with derivatives with respect to (a^ - a°) = Aa^^, where 
a° is the trial value, leads to an improved set of values a^. 
Two or three Iterations of this process are sufficient to 
obtain a convergent value of the The Iteration process 
is discussed in Appendix D. The values obtained for the con­
stants are 
b = -a = .5808 , 
f = g = .J4.O3I4. . 
The method just described gives the coefficients when the 
energy is at a minimum value j but the minimiam obtained is not 
necessarily the lowest possible energy value. 
The coefficients a obtained as described above give the m ° 
ground state wave functions for a system in which all parti­
cles are in the ground state. The states orthonormal to the 
ground state are still to be determined. These might be deter­
mined from energy considerations as follows. 
Let a iji" electron of one ion be raised to another state q 
where 
tq = I KT • (S.6) 
Thi-S ion interacts with its neighbors and modifies the energy 
of the system. It is required that the energy of the new 
system be a minimum, implying that when an ion changes states, 
it does so in a manner that keeps the energy of the system 
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miniraal. The energy may be written In terms of the Interaction 
matrix elements (Table 3) with proper coefficients. The 
Lagrangian multiplier method is used again with the auxiliary 
conditions 
restricting the coefficients b^. In this manner a set of 
coefficients may be obtained. The two degenerate ground 
states obtained previously do not give rise to the same sets 
of Further, five orthonormal wave fimctions are obtained 
which give rise to four levels. Such a set of levels would 
present difficulties in calculating the occupancy of states, 
for five n^ must be found instead of three as in the calcula­
tions of the previous chapter. The process just discussed is 
at best a makeshift one, and it seems xinwise to take its 
results so seriously as to introduce these complications. 
Instead, the following procedure was followed. 
In Appendix D, it is shown that the ground state 
s 
doubly degenerate. The wave functions are 
(5.7) 
where a and f are the constants just determined for the ground 
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(5.9) 
state, A set of four normalized functions, orthogonal to both 
solutipns, Eqs. (5'8)> Is sought. One such set of functions is 
(5.10) 
These ftmctions are normalized and are orthogonal to each 
other and to"^ and an dT,, surely correspond to the 
S 8 -> J 
highest energy states in the calculations of the previous 
chapters. Further, interactions between ^ an d't are the 
same as those between with a,b = g, 3 01' 5' With 
these wave functions, one need not distinguish between primed 
and unprimed 's. For example 
and 
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tZ.(f^+a^)K'/tlW4Vj+£({^a'^X'^4-'4lQK4-'/d 
+.^Q^|^(^4-541qI %' t) '/z. 1 q1 ^4). (5.12) 
A calculation of wave functions when all states are 
partially occupied presents many difficulties. One simple 
approach has been examined by the author. At absolute zero 
the wave functions are those given by Eqs. The avail­
able higher states at very low temperatures are given by Eqs. 
{5»9) and (5«10) . At high temperatures (high temperatures 
here means T ^  12° K) the field splitting wave functions 
(characterized by definite values of|ra() should be appropriate 
because at high temperatures the occupancy numbers of all 
states are approximately the same and the '^-4 contribution to 
the energy is thereby i^educed. 4 new set of wave functions can 
then be obtained by making the coefficients in Eqs, (5.8), 
(5.9) and (5.10) temperature dependent in the following wayt 
where p is a constant and a^ and f^ are the values obtained 
previously for a and f. At absolute zero the wave functions 
are those given by Eqs. (5»8)j (5«9) and (5.10)j while at high 
(5.13) 
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temperatures tha wave functions are characterized by definite 
values of 1ml. In the temperature range between the high and 
low temperature approximations, the wave fimctions are defined 
by the coefficients of Eqs. (5.13)• The use of coefficients 
given by Eqs. (^.13) is rather arbitrary; some other form of 
temperature dependent coefficients might have been used. Cal­
culations were not carried out with any other form of tempera­
ture dependent coefficier\ts because it is felt that no form 
would appreciably improve thp agreement with the experimental 
data. 
The added temperature dependence causes some modification 
of the specific heat equation [Eq. the equation 
for dn^/d0 (Eq. These modifications are discussed in 
the next section. 
B. Changes Introduced by the Use of 
Different Wave Functions 
If Eqs. (5*8)> (5*9) (5.10) with constant coefficients 
are used to describe the wave functions, then the partition 
function is modified only to the extent that the single ion 
and s^-Q, energies are changed. (In order to avoid confusion 
with the energies of Chapters III and IV, superscripts will be 
used instead of subscript^.) Again there are three doubly 
degenerate levels and a set of slxd^'^'s, and 
2 = 26^^ = 0 , 
J 
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for is invariant to an infinitesimal rotation, The£^'s 
and6^^'s are listed in Table 7» These values are inserted in 
(3»l6)j (3»18) and (i|#5) to obtain the quantities of 
physical interest. The curves B in Figures and ^ show n^ 
and C^/R as functions of 9 when the wave functions of Eqs. 
(5*8)> (5»9) and (5.10) are used. Table 8 lists the values of 
the quantities of physical interest at various temperatures. 
If the temperature dependent coefficients [Eqs. {5,13)] 
are inserted in the wave fimctions of Eqs. (5*8)> (5*9)  s-nd 
(^.10), then the modifications in Eqs. (3«l8) and (I4..5) are 
i 1 i 
considerable. The £ and € become temperature dependent and 
the equation for must be rewritten. Eq. (3.16) for the n^ 
remains unchanged except that proper values of and 6^^ must 
be used in evaluating the n^ by the method of successive 
Iterations, Eq. {3«l8) becomes 
+^^tcieyde 
i. If ^ 
+ YUTf^ dc'l/do . (5-15) 
l.j 
The resulting values of n^, dn^/d6 and C^/r are listed in 
Table 9 for (3 = 10° K. The curve marked C in Figure ^  shows 
the specific heat as a function of temperature for this case, 
A study of Figure 5 shows that agreement between theoreti­
cal and experimental specific heat curves is not improved by 
use of the wave functions discussed in this chapter. The 
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Table 7. 
Energies for Wave Functions Given by Eqs, > (5»9) 
and (S.10). Cfg =1-1; ifg) 
I 1" 1 ' • • ' 1 - ' ' ' • ' '"I 
=! (a^+b^)e^ + (f^+g^)£^ = 8.15 X 10'^^ erg 
6^ = + (a^+b^)fe^ = 174 X 10'^^ erg 
= €.2 - 711-.6 X 10"^^ erg 
^ 1.66 X 10"^^ erg 
= -3.II4. X 10"^^ erg 
= l.lfS X 10'^^ erg 
= 5.9ij. X 10"^^ erg 
= -2.80 X 10"^^ erg 
~ 1.32 X 10"^^ erg 
. r ' - "" J I' ' ' I J • '. ' ' - - • • • • ' ' ' ' 
Table 8» 
Calculated Values of dnj^/d@ and O^/R, for the 
Wave Ponctions of Eqs^ (5»8)j (599) and (5elO) 
Quantity 
Units 
T e  
"3 d^/de d^/d0 da^/dS 
°K 10-16 
erg 
1 1 1 10^ 
erg-l 
I0I3 
erg"^ 
10^ 
erg"^ 1 
7»2li 10 .69790 <,30118 0OOO92 -II4.305 13»71ii o591 CI5I4I4 
10,86 15 ,61038 »35090 «00772 -9.129 6,967 2.162 .2061i 
I kM 20 .60181 .37635 .02181^ '6.952 3.590 3^362 .2566 
19.91 27«5 .556 o39k .050 -5«073 1.127 3o9h6 ,2726 
29 ..83 Ule2 .502 «398 .100 "3.100 ->0199 3o299 .2168 
ii2,80 59»1 «li65 «385 ,150 -1,786 -o712 2.1498 0I557 
6ii«23 88,7 0U23 o377 »200 - o928 "0322 1«250 .0799 
110,k3 152,5 .38li •366 «250 - >315 •=ol8l »i496 ,0312 
o 
vn. 
Table 9<, 
CJalaxlated ¥alues of dn^/dQ and C^/R for the ¥af« Panctions of ikjs® 
(5»9) and (5«10) with Temperature Dependent Coefficients (Eqsc (^.13)) mth/3 =10® K 
Quantity 
Units 
T e 
"i "5 "3 ^/d© dj^/de c^/d© C^/R 
®K 1 1 1 loU I0I3 I0I3 
erg erg"! erg"°l erg°l J. 
10 13»80 .69070 e30l4li8 .OOI482 =8.798 7.16? 1.631 .1276 
16 22,10 .63li65 .33831 e0270ii -6cla5 2.987 3.ii28 .2526 
20 27,62 .601+21 «3ii839 oOii7liO «»lic655 .897 3.758 .2991 
25 314.53 «57199 .35ii51i .073kl "I4.238 .566 3.672 .25iiO 
iiO 55.214 c50l498 .35761 .137iil =2.10.9 =.066 2.I485 .1737 
50 69.05 ,ij.7666 .35619 »16715 =1.737 -.126 1.863 .1290 
80 no.iiB »l42809 »35ioli .22087 .= .786 =.107 0893 .062li 
1 
o 
9 
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theoretical curves are similar on the high temperature side of 
the peak. There is a peak at very low temperature which 
1 ^ 
arises because of the small separation between^ and £ ^  for 
both sets of wave functions discussed in this chapter. 
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VI. EFFECTS OF ORDER 
A. Pair Number Ordering 
All calculations thus far have been made under the 
assumption that the ions with electrons in the various 
states are randomly distributed throughout the crystal lattice. 
This assumption may well have quenched the cooperative pheno­
menon which is believed responsible for the sharpness of the 
specific heat anomaly in cerium. The anomaly probably arises 
from a transitipn from an ordered arrangement of some kind to 
a random arrangement of the ions of the various typep. Two 
aspects of order have been considered: 
1. Pair number ordering. 
Any preferred (non-random) arrangement of the various 
ionic types in specific positions will be referred to 
as pair number ordering. This name is used because one 
is concerned with the number of ion pairs of the various 
types (say one ion of kind i, the other of kind j) as 
well as the orientation of the line joining the neigh­
boring ions. 
2. Lattice order. 
Arrangements of the various ionic types in a regular 
repeating p?ittern throughout the lattice will be 
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refsrred to as lattice order. 
These two aspects of order are different and will be discussed 
separately. Either or both types may play a role in the spe­
cific heat. Pair nxomber ordering is discussed in this sec-
tionj lattice order is treated in section B. 
The interaction energy between the ions is, in 
general, a function of the specific positions of the inter­
acting ions as well as the number of ions of the various types. 
This can ba vSoen by a study of the 4-4 interaction energies 
for wave functions of the form 
Since the location of nearest neighbor ions of a given kind is 
of interest, the energy will be evaluated only for nearest 
neighbors. The Interaction energy between two ions, one in 
state s the other in state s', is a sum of matrix elements of 
the form 
„| m^ aiM' ,,m' 
where 4 is given by Eq. (2,21) and the subscripts 0 and R 
refer to the ion at the origin and the ion at the lattice 
point H respectively. If R' is a lattice point which can be 
obtained from R by one of the crystal symmetry operations that 
leave the point 0 unchanged, then by Eq. (2,214.) 
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if (m.+mp-m'-m') 
= e (iHj^rag . (6,2) 
Thus, the interaction energy between ions is a function of the 
specific location of the interacting ions. If 
Ml + 1112 - mi - ra^ = 0 
and if R and R' are in the same (0001) plane, then the inter­
actions OR and OR' are gqu^l. When order is considered, 
cannot be aubi^tituted for ^  and a new set of matrix elements, 
which depend on the relative positions of tl>e interaction of 
ions, is required. 
In order to obtain the exact partition function the 
energy of all possible arrangements of the crystal must be 
considered and each arrangement must be given the proper 
statistical weight. A complete calculation of the partition 
f^ttiction seems hopeless, but one can seek adequate approxima­
tion^. Krishna lyer^^'^® has calculated the m©fi(.n number of 
nearest neighbor pairs of the various types in on®, two and 
28 
three dimensional cubic lattices. It is possible to express 
the mean number of pairs of the various types and the second, 
third, and fourth moments of the nximber of pairs without 
P. V. Krishna Iyer, Journal of the Indian Society of 
Agricultural Statistics 1, 173 (I9I4.8). 
P. V, Krishna Iyer, Annt Math, Statistics 190 
(1950). 
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complete knowledge of the distribution function, but knowledge 
of a few moments of the distribution function does not give 
the distribution function itself. Further, the hexagonal 
sti'ucture is more difficult to analyze than the simple cubic 
lattice. 
An approximation that might be feasible would be to take 
into account the pair number ordering along particular lines 
or directions of interactions and neglect the correlation be-
birt?een the different directions. The number of i-j pairs (one 
ion of kind i, the other of kind j) depends on the detailed 
arrangement of the crystal. In the approximation cited above, 
the detailed arrangement in each particular direction is 
assumed to be independent of the other directions. 
The Q-Q couplings for a hexagonal lattice can be divided 
into six geometric groups.- For example, along the x axis an 
ion of kind i at the origin will have the same interaction 
with ions of kind j at +b and -b. The x axis is one of the 
direction groups considered. The two other groups in the 
(0001) plane are the lines at ± 2ii/3 radians from the x axis. 
An ion of kind j in the (OOOX) plane above the origin (z = c/2) 
and its mirror image through the xy plane of kind J will both 
have the same interaction with an ion of kind i located at the 
origin# This "line" is repeated by considering the ions in 
succeeding (0001) planes at z = + 3c/2, + c^/2 .... +(2n+l)c/2 
with the same- x and y coordinates as the first ion; each of 
these ions has the same interaction energy when paired with the 
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nearest ions along the z axis (at z = c, 2c, ... nc). This 
gives the other three "lines" or groups. The cartesian coordi­
nates of the six geometric groups are listed in Table 10. It 
is to be noted that the out of plane "lines'* (ij., 5 and 6) have 
a high degree of correlation in that the ions in each line are 
linked to the same ion. 
Consider a system of N ions, ions of the ith kind, Nj 
of the jth kind, etc. The total energy may be expressed as 
E = 2 N.e, + 2 I N. (6.3) 
i -  o  (ij) ® J " 
where € retains its former meaning and is the inter­
action energy between two neighboring ions, one of kind i, the 
other of kind j, whose relative orientation falls In group 
0 (o=l,2, ... 6). is the number of pairs of ions of the 
type depcribed above. The double sum is over all geometric 
groups a and over all types of pairs Ij in each group. 
The partition function may now be written as 
"i... x('^'-/TN{1)" 
^ > 
where GrQ(Nj ... ... ) is the statistical weighting factor 
for the group Cf. (this abbreviated notation will be used 
in the future) is the number of ways of arranging Ions of 
kind i, ions of kind j, etc., in a line so that there are 
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Table 10. 
The Geometric Groups (o) for a Hexagonal Crystal®" 
1, Interaction of ori­
gin with ions at {b,0,0), (-b, 0, 0) 
2, Interaction of ori^ 
gin with ions at (b/2, 'f3b/2, 0), (-b/2, -'f3b/2, 0) 
3, Interaction of ori-
gin with ions at (-^/2, •y3b/2, 0), (b/2, -"||3b/2, 0) 
I).. Interaction of ori­
gin with ions at (b/2, h/il2, c/2), (b/2, b/fl2, -c/2) 
Interaction of ori- — 
gin with ions at (-b/2, b/flJ, c/2), (-b/2, b/Vl2, -c/2) 
6. Interaction of ori-
gin with ions at (0, -b/Y3# c/2), (0, -h/ f f ,  -c/2) 
The locations of the ions are given in cartesian 
coordinates. 
N^ij ion pairs, one ion of the ith kind, the other of the jth 
kind, etc., and where 
N = 2 N. . (6,5) 
i ^ 
The sum is over all consistent values of ^••• » 
as well as over all values of ... . The factor 
(Kl/itN, l)"^ arises from the fact that 
i ^ 
G^{Nl/it N. l)"^ 
i 
is the probability of finding a particular arrangement in the 
-r7k' 
group o. (The number of ways of arranging elements of the 
d,th kind, N. elements of the jth kind, etc., in a line irre-
J 
spective of the order is NI/tc K. I .) Then the probability of 
i ^ 
finding the various lines arranged in a given way (definite 
values of the ^) is 
(n G ) (Nl/n N.l)"^ . 
a a 1 ^ 
The number of ways of finding the desired arrangement becomes 
(it G„) (niAN-I)"^ . 
a ° i 
The problem of finding is related to a problem in the 
PQ 
statistical theory of runs which has been solved by Mood, ' 
Mood has calculated the number of ways of arranging objects 
of the ith kind etc. in a line, open at the ends, so that 
there are exactly nearest neighbor pairs of two objects of 
the ith kind, N.. pairs of nearest neighbor pairs of two ob-
J J 
jeots of the jth kind etc., where Eq.. (6.5) holds. The number 
of ways of having this arrangement Is the coefficient of 
k ^ 
% X. t^ in 
1=1 ^  ^ 
k ^  ^i"^ 
(X^+X2+. . .Xj^) It * •*i-l"*"^i^l'*"^l+l"^'*'^k^ ' (6.6) 
where k is the number of different kinds of objects. 
If the objects are considered as being arranged in a 
closed ^oop, then several usef^il relations result; 
A. M. Moods Anri. of Math. Statistics 367 (191^0). 
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"l = »oii »oij/2 (6-^) 
for all geometric groups o. For each o there are k equations 
of the form of Eq. (6.7). If k - 3 the are determined 
by Eqs, (6,7) in terms of the and the N^. Then the num­
ber of ways of having pairs, N^22 pairs and 
3-'3 pairs is exactly G^. 
For the closed chain, is not given by Eq. (6.6). How­
ever the number of arrangements of a closed line can only dif­
fer from that for an open line by a quantity of relative order 
1/^. For large N, G can be approximated as the coefficient 
of "K in , where 
i=l ^ ^ ^ 
Ni Np N, 
Ti = (Xj^ti+X2+X2) (X]^+X2t2+X2) (x^+x^+x^t^) . (6.8) 
By the multinomial expansion theorem 
7 ^ It 
3 
(N, l/ii S. .1) , (6.9) 
where the are the partitions of into 3 components so 
that 
jfl ®oio ' (6.10) 
and where 
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^oli ~ ^ oll * (6.11) 
When the EJqs. (6,7) are used, the partition function becomes 
z IF (-1 Mi E(rt/l9j2 
N' ^ ^ N .. ' h > >  ' V u - . .  
Ni Np N3] 3 e 
(XiP^l+X2+X3) •'•(X^+X2P^2*'"^3) ' 
(6.12) 
where 
^=ol = V6 -eojk ' <3'" ^  
Pgl = exp (-Ejjj^j^/e) , (6.11;) 
and 
®oii ""^oii "^^ojk " olj ' (J/k / 1) . (6.15) 
The partition function can be written in another manner, 
where the Eqs. (6,7) are again used to simplify Eq. (6.14.), 
(J can be written as 
^ 4 Nil Uc-t^rUV. 
~ s:. Hi ttli->lnO! » 
«» i-i » 
C = f iJcl 7 (Nc-Wrii)! 
"• J, Nrti!(Nt-Ml ini ' 
(1 = !iit 2,"'"'*'''' (5.16) 
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when Eq. (6.10) Is used. Then 
z = 7 IT +1•JTit£TUj/e] 
Ml... ^ ^ 
Nra... 3 J, I ,1 / 
t«i NTuUNt-H^a)l <-
EqSf (6.12) and (6.17) are equivalent. The partition 
fxmction could just as well have been written in terms of 
and Nj because for three types of atoms only six of the nine 
parameters independent [by virtue 
of Eqs . (6.3)] . 
The author has been unable, thus far, to reduce Eq. 
(6.17) to a simple form which would be convenient for the 
evaluation of the properties of the systemj viz. mean occu­
pancy of the states, mean number of nearest neighbor pairs, 
specific heat, etc. In the functional form these properties 
may be written as 
= - 0( 91n Z/stj) , (6.18) 
= - 9(3ln Z/9E^^^) , (6.19) 
E = - 91n z/a(i/e) , (6.20) 
= 3I/9T . (6.21) 
One approach to the solution of this problem is to expand 
G about its largest term under the assi^mption that G-^ is a O o 
Strongly peaked function about (maxim\xm value of G ). O luclX 0 CJ 
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The largest term can be obtained by maximizing the logarithm 
N_.. N. 
of the coefficient of n in 
Ni Np 
(xiP^l+Xj) ' 
[which occurs in JJq. (6.12)] subject to the conditions of Eqs, 
(6,5) and (6»7). This procedure gives 
®oij-xixr ' 
and further, 
®olJ = . (6.23) 
Eqs. (6.22), (6.23) arjd (6.7) are sufficient to give all the 
N^ii and as factions of the N^. However, the and 
are not linear functions of the and depend on the P^j^. 
Replacing the and by their functional form, in terms 
of the N^, in the partition function does not give a form 
suitable for calculations. 
The author has not succeeded in completing any calcula­
tions when pair niimber ordering is considered. The calcula­
tion using the approximation above requires very extensive 
numerical calculations. No other approximation which would 
make the calculations feasible has been found. 
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B. Lattice Order 
The possibility that cerium metal has a regular repeating 
pattern of ions of the various kinds at some low temperatiire 
has been ignored thus far. Since the ion ''kinds" refer to 
different states of the same element, the existence of such a 
pattern would not be Indicated by X-ray diffraction studies. 
The sharpness of the experimental specific heat peak suggests 
an ordering mechanism of some kind, and for this reason a type 
of lattice order has been examined. In Appendix E it is shown 
that ordering produced by arranging N ions of two kinds 
(N/2 of each kind) in parallel planes, with any one plane con­
taining only one kind of ion, reduces to six different arrange­
ments of the ions. These different arrangements are shown in 
detail in Figures 6, 7, and 8. Other possible ordered 
arrangements (e.g. some geometric arrangement other than in 
parallel planes, equal numbers of 3 kinds of ions, two kinds 
of ions present in different ratios such as N^/Ng = 2, etc.) 
have not been examined. 
One could, by following the procedure of Appendix B, find 
ground state wave functions for a mixture of equal numbers of 
ions of two kinds arranged in some regular pattern. This would 
yield twelve simultaneous equations of i^-th degree in the 
twelve coefficients. This does not appear to be a fruitful 
approachc 
It is of interest to compare the energies of ordered 
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arrays with the energy of a random array. In Chapter V it was 
shown that the specific heat obtained using the wave functions 
which are valid for weak couplings is not much different 
than the specific heat obtained when other sets of wave func­
tions are used. Thus, in comparing energies it will be assumed 
that the wave functions are those valid for weak couplings. 
The interaction energy depends on the specific positions of 
the interacting ions. For nearest neighbor interactions the 
interaction energy between two ions, one in the state 1, the 
other in the state j, is 
where ^ is the interaction operator [Eq, (2.21)] and 0 and R 
indicate the positions of the ions. Since 1ml is taken as a 
good quantum number, is the same for all nearest neigh­
bors in the same (0001) plane. There are six nearest neighbors 
in the same (0001) plane as the origin and 3 in each adjacent 
(0001) plane (+ c/2 from (0001) plane containing the origin). 
The energies for these interactions are listed in Table 11j 
indipates the energy per ion pair for interactions with 
•u 
neighbors in the same (0001) plane as the origin and 
indicates the energy per ion pair for interactions with the 
elevated (or depressed) nearest neighbors. 
The total energy per ion for the various ordered arrange­
ments of Appendix E depends on the order present. Consider 
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Table 11, 
Energy Per Ion Pair for Nearest Neighbor Interactions 
ef, =: 8.7i|. X 10"^^ erg 
'11 
a 
e 
•16 
erg = 2.19 X 10 
^15 ~ -10"9 X 10~^^ erg 
= '5^5 X 10"^^ erg 
63^ = -3.73 X 10"^^ erg 
a T- o n--I6 
= 13"I X 10 erg 
11 
b 
= -i]..22 X 10' •16 
v-16 
erg 
e^^ = -I.05 X 10 erg 
®15 ~ +5'27 X 10"^^ erg 
e^2 = - .262 X 10""^^ org 
e^^ = •<•1.31 X 10"^^ erg 
= -6.58 X 10 erg e 
the ordered arrangement k In Table ll|. (see Figure 6) for a 
mixture of ions of kind 1 and kind The energy per ion^^ 
£^jfor this arrangement is, by Eq. (3»6), 
lb 
£^= fc <Jt  ^t &yi + lo e,j), (6.25) 
where and£^ are the single particle energies of Table i^j 
since there are equal numbers of both types of ions, the term 
C^/2 + €^/2 represents the average single ion energy. The 
terms represent the pair energies of nearest neighbors. 
Upon substituting the values of e^^. from Table 11, one finds 
that 
= 62,3 x; 10"^^ erg (6 ,26 )  
The energy per ion for the other arrangements listed in Table 
II4. may be calculated in a similar manner. The values are 
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6^, = 1^.6.2 X 10"^^ erg , (6.2?) 
£3 = 7.32 X 10"^^ erg , (6.28) 
£3, = 1.96 X 10"^^ erg , (6.29) 
£c =" -3.35 X 10"^^ erg , (6.30) 
= 1.96 X 10"^^ erg . (6.31) 
For comparison, the energy per ion at absolute zero is, 
—T 6 by E<1. (3*6), equal to ll^..? x 10" erg for a random arrange­
ment of ions of a definite lm|. Similarly, the energy at ab­
solute zero based on the "ground state" wave functions of 
Chapter V is 8.98 x 10"^^ ©rg. less than 
the two values obtained at absolute zero for a random arrange­
ment of the ions. The comparison of energy values indicates 
that an cindered arrangement is energetically favored and hence 
is the expected arrangement at low temperatures. The struc­
ture C which yields the lowest energy is the most probable low 
energy form of those structures which have been studied. The 
energy difference between the random arrangement (weak Qoupling 
approximation) and lattice structure C is about 13° K. The 
experlinental peak occxxrs at about 12° K. 
Order can be destroyed by three mechanisms under the 
influence of thermal fluctuations: 
1. The original arrangement can become disordered with 
no change in the ntimber of ions of each kind. 
2. The number of ions of both kinds can change. 
3. The third kind of ion can appear. 
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A study has been made of a structure based on the lattice 
array A. Consider a mixture of two types of ions, the compo­
sition of which may vary from = 0 to = 1. All ions in 
one (0001) plane are of the type of the majority (type 1 if 
N/2) I in the adjacent (0001) planes (c/2 separation) the 
ions are randomly mixed according to the remaining composition 
ratio. The energy per ion as a function of composition for 
this type of arrangement has been compared with the energy per 
ion for a random array of the same composition. The random 
array gives a lower energy than the partially ordered array 
for all compositions. 
The problem of order in cerium is related to the problem 
of long range order in alloys. The difference between the 
problem at hand and the alloy problem lies in the fact that 
here the occupancy of states varies with temperat\ire, while 
the related parameter in alloys (the composition) is constant. 
Because of this difficulty, the study of the effects of lat­
tice order on the specific heat has not been very extensive. 
VII. SUMMARY AND DISCUSSION 
A. Sinnraary 
The specific heat of cerium shows an anomalous peak at 
about 12 K. The peak is too sharp to be accounted for by the 
splitting of the ground level by the electrostatic field of 
the crystal. In this thesis an attempt has been made to ex­
plain the peak by proposing a model which approximates the 
metal as a hexagonal close packed array of multipoles superim­
posed on a uniform negative charge density. This mpdel con­
tains strong quadrupole-quadrupole couplings between the ions 
of the lattice. The energies are of the order of magnitude 
of the crystal field energies, and the effect of these 
couplings on the filling of the various states is considerable. 
The simple approach, based on an approximate partition 
function, approximate wave functions and the assumption that 
the ions of the various kinds are randomly distributed through­
out the lattice, is evidently inadequate to explain the 
anomaly in the specific heat. 
An attempt to improve the wave functions shows that the 
crystal field wave functions are not suitable, but the improved 
wave functions do not appreciably change the specific heat. 
(Stated more carefully, wave functions obtained by neglecting 
interactions are not appropriate at very low temperatures. 
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At higher temperatures for which kT is of the order of (or 
greater than) the energy splitting between ionic levels, for 
most calculations, it is of little importance what particular 
wave functions are used.) 
A study of the effects of order on the Q,-^ interactions 
and specific heat was made. The difficulty in setting up a 
partition function suitable for calculations prohibited any 
quantitative conoliasions as to the effects of pair number 
ordering on the specific heat. Long range ordering in planes 
does seem to exist at low temperatures, but only a very super­
ficial start has been made in the ordering problem, 
B. Discussion 
The interaction energies are large (of the order of 
magnitude of the field splitting energies). One would expect 
that interactions of this order of magnitude cannot be neglec­
ted in any calculation of the specific heat. The partition 
function for a random arrangement of the various kinds of ions 
included some of the effects of the interactions, but the 
risglect of order cannot be Justified. The sharpness of the 
experiinental peak suggests an ordering mechanism of some kind. 
The fact that certain ordered arrangements have a lower energy 
than that given by a random arrangement reinforces this belief. 
The difference in energy between a random arrangement and the 
arrangement which gives the lowest energy is of the order of 
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magnltude of the temperature at which the experimental peak 
occurs. 
There are no direct experimental data that would test the 
presence of order (of the types discussed in this paper) in 
cerium metal. X-rays studies would yield no information, 
because the scattering of X-rays by ions, of the same element, 
which differ only In the azlmuthal quantum niimber, is nearly 
the same. The type of order required here would produce no 
coherent neutron scattering and would be difficult to detect 
by neutron scattering experiments.^^ The model used here 
(including ordering along "lines"), to calculate the effects 
of order, has not proved fruitful and is, in fact, open to 
criticism because of the neglect of correlation betvreen the 
different interaction groups o. Further, in this model the 
groups o = 1|, 5 and 6 are somewhat artificially coordinated 
via the ions along the hexagonal axis. Some other approach to 
the problem is required. 
The recent determination of the specific heat of gadolinium 
by Griffel, Skochdopole and Speddlng^^ indicates that the Debye 
Koehler and Wollan (W. C. Koehler and E. 0. Wollan, 
private communication to P. H. Speddlng) have studied neutron 
diffraction in Pr20o and Nd203. They find that their data 
are In good agreement with theory for larger values of Z' 
(effective charge on the electrons) than those given by 
Pauling and Sherman,^' However, increasing Z' will not bring 
the theoretical specific heat, as calculated here, into agree­
ment with the experimental data. 
M. Griffel, R. E. Skochdopole and P. H. Spedding, 
Physc Rev. (to be published). 
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temperature of Gd is about ^0^ higher than that of La. This 
would imply that the Debye temperature of Ce is somewhat 
greater than that of La. The small difference in Debye tempe­
ratures is not sufficient to change the shape of the specific 
heat curve (curve E, Figure 5) appreciably. However, the long 
tall of the l\.f electronic specific heat curve might be ex­
plained if the Debye temperature of Ce were smaller than that 
of La. 
2 Ij. The higher multipole interactions (e.£. 2 pole - 2^ pole, 
2^ pole - 2^ pole) have been neglected. The largest neglected 
interaction is the 2^ pole - 2^ pole Interaction, Since the 
interactions fall off as ^ this term will be smaller 
than the Q-4 Interaction. The ratio of the pola - 2^ pole 
Interaction to the Q.-vi Interaction is approximately 
For cerium this ratio is about l/20. Corrections of this 
order will not appreciably affect the specific heat. 
The experimental data of Parkinson, Simon and Speddlng^ 
show similar specific heat peaks for the two samples of Ce 
tested (one face centered cubic, the other a mixture of hexa­
gonal aiid cubic phases). The location and height of the 
anomaly is almost the same for both samples. The crystal 
structure In both cases was examined at room temperature. An 
X-ray study of a crystal at various temperatures concurrent 
with specific heat measurements of the same crystal (or a cry­
stal from the same melt which has the same thermal history) 
would contribute to the understanding of the nature of the 
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specific heat anomaly. The evidence for the existence of the 
condensed phase is rather conclusiveAll the experi­
mental data indicate that the condensed phase comes with the 
promotion of i).f electrons to the conduction band. There is no 
proof that this transition is complete at low temperatures, 
but the evidence indicates that below about ^0° K no further 
transitions occur. The condensed phase appears to play no 
?:*ole in the electronic specific heat. The specific heat 
anomalies In Nd, which shows no condensed phase, are as sharp 
as that of Ce. Electrons promoted to the conduction band can-
riot contribute to the i|.f electronic specific heat. This means 
that the theoretical peak should be higher than the experi­
mental peak for only the ions which retain their iii* electrons 
contribute to the specific heat. The calculations, however, 
have been carried out assuming that all ioijs can contribute to 
the specific heat. The fact that the experimental peak Is 
higher than the theoretically calculated peak is another indi­
cation that ordering cannot be neglected, or that other forces 
are operative. 
Exchange and spin forces have been neglected entirely 
throughout this paper. Since the heavier rare earths are 
ferromagnetic, there must be some exchange. Heisenberg ex­
change forces are excluded if there is no overlap of l|f elec­
tronic wave functions of neighbouring ions. Zener type 
exchange forces can play a role, but if these forces are in­
cluded one should also include coupling between the valence 
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electrons and the i|X electrons as well as inhomogeneitles in 
the valence electron distribution. 4 calculation on this 
basis would be difficult to carry out. 
Recent measurements of the magnetic susceptibility of 
•32 
Nd-' show that the effective number of Bohr magnetons is 
approximately the free ion value [g( down to about 
80® K. There is a small deviation from the free ion value 
from 80*^ K to 20° K. The measurements have not been extended 
to lower temperatures. The data for Ge are more sparse and 
also less conclusive because of the presence of the condensed 
phase at low temperatures and the lack of definite information 
about the lattice structure (cubic and/or hexagonal phase). 
There is little reason to believe that the J = 7/2 levels of 
*4^ •4* Ce will contribute to the low temperature anomaly, but the 
amount of quenching of the orbital angular momenta at low 
temperatures is not known. Magnetic spin-spin couplings be­
tween adjacent ions are two orders of magnitude smaller than 
couplings, and will not contribute to the specific heat 
anomaly. 
Sj>edding^^ has suggested a series of experiments which 
would do much to clear up the question of the importance of 
forces in cerlxim. In the first set of experiments one 
J. P. Elliott, S. Legvold and F. H. Spedding, Phys. 
Rev. (to be published). 
P. H. Spedding, private communication. 
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alloys cerium x^rlth either lanthamm or lutecium. Lanthammi 
has no l|f electrons and luteciuffl has fourteen l|,f electrons j 
neither of these elements can contribute to the 4f electronic 
spaelfic heat. As the fraction of Ge In the alloy Is reduced, 
the distance between Ions is increased, thus reducing 
the energies. If the peak Is due to an ordei'lng phenome­
non, then the shape of the peak x^''ill change radically with 
decreasing concentration of Ce, for the trend, toward order 
Must diminish as the distance between Interacting ions 
increases. 
The 6,x:perlment described above cannot distinguish between 
ordering and order due to some other cause, exchange. 
To do this, Spedding suggests another series of alloy experi­
ments. Ce is alloyed with gadoliniira in varying concentra-
8 tions. G-d has seven lj.f electrons and its ground state Is S. 
Ions in an S state have no interactions, Gd has a large 
magnetic moment. Increasing the fraction of Gd in an alloy 
will diminish the Q-Q forces, but probably not affect the ex­
change forces. If the peak Is due to couplings, it should 
diminish in magnitude and lose Its sharpness with increasing 
Gd concentration. 
C. Conclusions 
This study of quadrupole-quadrupole forces and the specif 
ic heat of cerium metal leads to the following conclusions t 
1. The Interaction energies are large. forces 
-.91" 
must play a role in the low temperature behaviour of cerium 
(and probably the other rare earth metals). 
2. A calculation of effects without taking into 
account some specific ordering proxjerties is not adequate to 
explain the specific heat and, in fact, actually spoils the 
partial agreement of the previous theory with the experimental 
data. 
3. The study of lattice order dependent on forces 
Indicates that an ordered arrangement of the ions exists. 
This ordered arrangement has a much lower energy than a random 
array. 
The experiments suggested here might yield much useful 
Information which can be used to extend the present theory. 
VIII. AGMOWLEDGMENTS 
The author would like to thank Dr. J. M. Keller for 
fjuggestiiig the problem and for his helpful advice and counsel 
thr-orighoiit. Dr. P. H. Spaddlng is here thanked for the aid 
he has rendered and for making useful data available. The 
author would also like to thank Drs. H. D. Block, 0. Kemp-
thorna , E. Allen and J. Gurland for their many helpful discus­
sions concerning the statistical problems involved in the 
opder problem. The author is also grateful for the advice 
offered ])y Dr. H. Goheen and Mr. C. G. Mosier concerning 
numerical methods of solution. 
-93^ 
appenpices 
-91+-
Appendix A<. Term Splitting by the 
Crystal Field in Hexagonal Cerium 
Let V(r, 9,f) be the electrostatic potential in the 
neighborhood of a cerium ion due to all other ions in the 
metal, r, 0, and ? are polar co-ordinates measured from a 
cerium ion which is to be considered as the origin, the polar 
axis being chosen as the hexagonal axis.. The spherically 
symmetric parts of the potential will be ignored since they 
produce no splitting of the ionic levels. First order pertur­
bation theory is used to find the effect of V on the energy 
levels. This requires the evaluation of matrix elements 
-e(mlvlra') =-ejY(J,ni) V(r ,9/f) Y( )dt , (A.l) 
where e is the fundamental proton charge and'H^'(J,m) is the 
wave function of the 4^* electron in the free iono The quantum 
numbers J and m have their usual meanings. The ground level 
of Ce"^'*"'' is ^P^y'2» so for Ce"*"^"^ J = 5/2 and m = + 5/2, + 3/2, 
± 1/2. 
The potential V may be expanded in spherical harmonics as 
V = S » (A,2) 
where the spherical harmonic of degree £ and order m is given 
by 
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r ; iyn 'p i+wi . 
Y a" ij IZMLLBM e i)-'- (A 1) 
where p, = cos 9. The coefficients are given by 
a^„ = [w(2irt)] z 
where are the coordinates and is the charge 
of the nth ion. For hexagonal cerium only the terms J^= 2, I4., 
m = 0 are necessary [for the ground state of Ce"^"^"^ (J = ^ /2) 
no harmonics with X > 5 cs-n contribute]. The coefficients Agg 
and A|^q have been evaluated by Campbell, Keller and 
8 KoenigsbergJ 
a20 = 2"^^ x 1.692 x 10"^ qb"^^ 
V ° -1131; lb'^ , 
where q is the charge per ion and b is the lattice parameter 
of the hexagonal crystal at right angles to the rotation axis, 
c is the hexagonal lattice parameter along the rotation axis. 
The ideal ratio (c/b = ^ 8/3) has been used in these calcula­
tions instead of th® actual ratio (c/b = 1.6^^). The values 
•3)1 
of the lattice parameters of Ce are-"^ 
34 Progress Report No. 22li., Ames Laboratory U.S.A.E.G. 
(I95I) p. 32. (b is used to designate the lattice parameter 
for a hexagonal close packed structure in order to avoid con­
fusion with the cubic close packed lattice parameter.) 
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b = 3'62 X 10"^ cm 
c = 50 99 X 10""® cm 
These values will be used throughout this paper, q., the 
charge per ion, is assumed to be 3® where © is the fundamental 
proton charge. Then, for hexagonal oeriTom 
using grotxp theoretical methods, Stevens used the fact that, 
within a manifold of states for which J is constant, matrix 
representations of all operators that transform in the same 
way under rotation are identical except for normalizing con­
stants. In particular he set up a correspondence between 
spherical harmonics and certain angular momentum operators. 
Using this approach it is only necessary to normalize one 
matrix element of a given J value to obtain the complete 
normalized matrix for that J value. All elements (m|r^Y||m') 
for which m m' vanish by symmetry arguments. 
For hexagonal cerium, the req.uired operator equivalents 
(A.6) 
The matrix elements (mjr^Y^lm) for the ground state of 
all rare earth elements have been evaluated by Stevens, 
(™)r^ Y» -iw f> 
r:M 
(A.7) 
( A . 8 )  
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a and |3 are normalization constants and r^ia the mean 
value of the Xth power of the ijjf radius. For cerium, Stevens 
gives 
a = - 2/35 , 
p = 2/7.1^5 . 
The values of (in|r^Yj^jm) are listed in Table 12. 
Table 12. 
The Matrix Elements (mlr^Y^jm). 
m 
t  1/2 -8 120 
i 3/2 -2 -180 
± 5/2 10 60 
Prom hydrogenlc wave functions, using the Pauling and 
17 —F Sherman screening constants, the values of r*- for Oe are 
x 10"^"^ cra^ , 
?• = 2.95 x 10"^^ cm^ . 
Then, the energy shift of the m = + l/2 state due to the 
crystal field is 
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After Inserting the values of r^ , , e and q one obtains 
-e(+ l/2lv|+ 1/2) = -33.i|. X 10"^^ erg = -21)..2° K . 
Similarly, the energy displacements for the other states are 
-e(+ 3/2lvl+ 3/2) = 1^1.2 X 10"^^ erg = 29.9° K , 
-e(+ 5/2|vl+ 5/2) = -7.85 X 10"^^ erg = -5,68° K o 
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Appendlx B. Average Values 
of etc. 
In writing the partition function in Chapter III, it has 
been assumed that the terra neglected in 
comparison with the other terms of Eq. (3*9). The consistency 
of this assimiption may be tested by comparing the average 
value of the omitted term with the average value of the terms 
kept. 
The basic equations are 
^ 36c IKi 
(3-16) 
in the notation of Chapter III. In a similar manner 
rrxT - ^ iy)^ ^ /\j' [\| • 
These equations are obtained in the following manner. 
The probability of finding a random system in a canonical 
ensemble is 
P[E(N^)] = exp ([11- E(N3_)]/e) . (3.I) 
Summing over all properly weighted probabilities gives 
3 P[E(Ni)] G(N^) = 1 . (3.3) 
ni 
Then 
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n 
2N^(exp [-0.- E(Ni)]/e) G(N^) « , (B.2) 
and 
N 
2 n^njcexp [^-e(n^)]/e) g(n^) = 
Using Sq. (3*6) for E(Nj^) , one obtains 
ir.y„,„,(a:jwira))6w. 
mf 
Mow, the partition f^mction is given by 
Z = G W i ) .  
(BO)  
(B.2a) 
(b.4) 
The: 
= - 0 S>ln Z/3€ 
Further 
ninj = ^ninjexp g(m.) , 
n 
and 
rX 3^ ty\Z — iq^ 
a^i-nz 
-L 
LZ 
e'-iM=NiN(-7riNj. 
(B.3a)  
(B.5)  
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After taking derivatives as Indicated in Eq. (Bo5)? one obtains 
njnj = - ^ ^ j 
and 
—p- 2 
Nj = - N^/N . (B,7) 
The mean value of the omitted term is 
(n^ - n^)(nj - nj.) = , 
which by Eqs» (B.6)and (B.7) becomes 
(n^-n^)(nj.-nj) = - n^n^/n , 
if i y j , and 
zir^ __ 
if i = j. 
The mean value of the terms kept is of the order ^  iTJ. Hence 
the omitted term is smaller than the terms kept by an order of 
l/[<I. Since N is large, the omission of the term is not in­
consistent with the resulting partition function. 
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Appendix C. Sample Calculations 
of the Specific Heat 
Eq. (3*18) shows that nj and dn^/d9 must be obtained in 
order to calculate the specific heat. dn^/dQ can be obtained 
by solving the simultaneous Eqs, if the n^ are known. 
Then, once the n^ are known, the specific heat can readily be 
calculated. Two methods were used to calculate n^. The first 
method (sampling) has been explained in Chapter IV and is 
illustrated in Figure 3. The second method (iteration) will 
be carried out in detail here, in order to illustrate the 
method. The n^, dn^/dQ and C^/R will be evaluated for 
0 - 10 X 10"^^ erg. 
In order to obtain the n^ Eqs, (i|,.8) are expanded in a 
Taylor's series about a trial solution for the n^'s, say 
n^, "n^ Since n^ is zero at absolute zero, it is best 
to use the Eqs. (I}..8) for^^ and one of the other ^  's if the 
n^'s at low temperature are desired. Now from Eq. (ij..8) 
~ t fv) -in n,- iy)rig t Z63/© -G^/19 
T ^  ^13 + y\s ^ 55 ^  , 
til t- - ^ 3/^ 
+3ca^\i +"^5^1? •^"^3^1^)/'^ . 
(C.l) 
(C.2) 
The derivatives of these equations with respect to 
and nj give 
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= l/n^ + l/^t^ - 3(£^3 - ^ 13)/© = , (c.3) 
acp^/an^ = s/n^ + 1/n^ - ^^^3 " ^ 33= ^3 ^ (c.i^) 
3^^/ae^ = 2/^^ + l^^ - 3(^1^ -^11^/® = ^1 > 
3^^/an3 = -1/113 + l/n^ - 3{^x^ - ^ 13)/® = ^3 • (C.6) 
Eqs. (G.l) to (C.6) are evaluated at the trial values (n?) and 
inserted in Eqs, (1|..9)» The condition 
2 n7 = 1 
i i 
is used. Then 
^3 = ?3 + ^i(^ - ^1) + ^3^^3 - > (^*7) 
^1 ~^1 "*" ^1^^ " ^ 1^ "*• • (C.8) 
The solution desired is that when 3— 0. Then the 
linear Eqs. (0.7) and (C.8) give 
(n^ " "1^ ~ ^i^3)/(^i^3 - ^1^3) ^ (Co9) 
(ng - ng) = ( <f°b^ - a^9°)/(a^b3 - b^a^) , (CdO) 
(n^ - "ii^) = - n^) - (^ - <. (c.ll) 
This procedure has been carried out for a single value of 9 
and is sirramarized in Table 13 = 
table 13• 
SuccessiTe Iteration Method to Obtain at 6 = 10"^^ erg 
A^proxi- ^ ^ -o a, 7U # T? 
jiiatioa ^ % 3 V 
1 .71000 .28900 .00100 7.4812 -12.2317 -10.01 12.37 
2 .68254 .31672 .00074 7.5948 -12.8861 -10.01 12.37 
3 .70954 .28975 .00071 7.8027 -12.9492 -10.01 12.37 
k .70999 .28929 .00072 7.7916 -12,8897 -10.01 12.37 
5 .70935 .28994 .00071 7.8015 -12.9180 -10.01 12.37 
table 13 
Appr©xl= 
wation 9 ^  ^ 10 Z_ • 3u 
l 
1 2.2196 .5382 
2 l«82ii3 eii552 
3 2.2103 0^519 
k 2,2167 .5535 
5 2o2076 c55l2 
(Goiitlimed) 
ip° cd" 
11 tj 
o3092 .6765 506317 2011,,ii78 
"c5910 -,0609 5o2720 2708«21^6 
+ew30 =-»0273 5=5373 2822 o?39 
=,0017 •8-e0338 5o6282 279hcl^7 
=.0009 *,0022 5.6193 2822o736 
fable 13, (Continaed) 
h ®3 
20«587i - 986C998 =1+6968.98 
20e3976 =1338.65ii -62299c11 
20^5801 =1395oi495 =65819o53 
20c6lli7 «1375»892 ^6$3hh.$0 
20.57Bii ^1395«1+62 =>65928.90 
o02?li6 .02772 =o00026 
02700 =c02697 =.00003 
000ii5 -cOOOl+6 4..00001 
0006Ii +.00065 =o00001 
00001 00001 0 
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Once the have been obtained, the values of dn^/d0 
follow from Eqs. If tlje condition ^ 
2 (dii^/de) = 0 , (C.12) 
Is usedj, thefi thet Eqs . become 
8i^{(3i^/diB) + a^((to^/d0) = - (1/9) ln(n^^/n^ n^j , (C.i3) 
b^Cdn^/dS) + b^(dn^/d6) = - (l/9) ln(n^/njn^) . (Collj.) 
Eqs. (C»13) and (C.li|.) are linear in the dn^/d9 and may readily 
be solved. The values of Table I3 may be inserted in these 
equations to give 
dnj/de = - 6.057 X 10^^ erg , 
dn^/d0 = + 5.588 X 10^^ erg , (C.15) 
dn^/d0 = +,ij.69 x 10^^ erg 
Now the values of n^ and dn^/d0 may be inserted in 
Bq. (3.18) to obtain the specific heat. At 0 = 10 x 10"^^ 
erg 
c^/r = 8.230 X 10"^ o 
-106-
Appendlx D. ¥ave Functions for 
Zoro Entropy at At>solute Zero 
Let the ground state wave function be 
g rti ^ (^.1) 
where ra = + 1/2, + 3/2, + 5/2 and the a^ are coefficients to 
be determined. The energy of the system when all electrons 
aye in the ground state may then be expressed by Eq. (5*4)> 
using the matrix elements of Table 5-
4s mentioned in Chapter V, a direct application of the 
Lagrange indeterrriinate multiplier method leads to simultaneous 
equations of high degree. Since the solution of simultaneous 
equatiorjs of high degree is difficult and tedious, the follow­
ing method has been used. 
In Eq, only the terms of the form ja^l ajad 
2 2 |a^j ja^^l are kept at first. The Lagrange method is applied, 
i 12 taking derivatives with respect to the | a^| subject to the 
auxiliary condition 
for all m. The Eqs. (D.l) (in the notation of Chapter V) 
become 
(5.1+) 
Then 
(D.l) 
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-h •=• +2,^k) +• ^|c|l^('/t-^|'/e,-%) 
+  t - & l f  1 ^ ( ' / t % - l +  2 | C | ^ ( ' / g , ( D . 2 )  
3e/9(lbw-a= £, + 
+ :^1g1^(-'/& y%Yk^k) + (d.3) 
with similar equations for 3h/s6ci^)^ 3E/3(|dl^) ^ etc.. By sub­
traction A may be removed, leaving a set of 5 independent 
equations in six unknowns. These equations are 
(w-lw'-xft'/tl'/s'y 
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Eq. (5»i+) is the sixth independent equation; ^ .e_. 
2ia = lal^ + (bl^ + Ic!^ + ld|^- + + Igl^ = 1. (D.9) 
r.i i'A 
The above equations are linear in ( a^| and may be solved in 
the usual manner. The solution gives negative values for 
00 ^ ^ 
lc( ^.nd jdj . To remedy this difficulty, |c| and |d| are 
assumed to be zero. (The consistency of this assumption may 
be tasted by calculating E for c, <l'yo. The values of E ob­
tained are always greater than the values obtained when 
0 - d =; 0.) Then Eqs. i ' D o k ) ,  ( 0 . 6 ) ,  (D.7) and (D.9) are used 
2  i 2  
with |c( = ld| =0. The solutions are readily obtained and 
are 
la|^ = |b|^ - .3^01 , 
O O (D.IO) |fI = |gl = »1599 . 
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Now, if c = d = 0, the only interaction terms in £q, 
2 2 2 (5.3) which are not of the form |a,„ \ and ja ) \a j are 
xiji itl iti 
2[(abf fg + ab(fgf ] (1/2-1/215/2-5/2) . 
The matrix element (1/2-1/2)5/2-5/2) is positive. Then for 
minimum energy [(abj^'^fg + ab(fgf ] must be negative. This is 
true, for real coefficients, if one of the four coefficients 
is negative. 
Now, one can write 
(abffg + ab(fg)' = i 8 + o.o.) ^ 
where a^,b^, etc. are the absolute values of a, b, f and g. 
Ta,klng derivatives of Eq. (5»3) with respect to 
etc. and setting the derivatives equal to zero gives 
© " = © o ^ 
This last equation is true when 
^a -"^b " ^ f " ^ n = 0,l,2... . 
For all calculatlonal purposes the solution n = 0 may be 
assumed and the coefficients are real. 
The condition of orthogonality of the wave functions 
limits the possible signs of the coefficients. Thus there are 
twp sets of coefficients, which means that the ground state is 
doubly degenerate. These sets are 
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a = -b = - , f - g ^ ^.1599 ; (D.ll) 
and 
a = b= ^.3l|.01 , f = _g = --^.1599 . (D.12) 
The solutions, Eqs. (D.ll) and (D.12), have been obtained 
p p p 
by neglecting the terras not of the form ja^j and |a^j ja^j 
in Eq. (5«i(-) • The values just obtained may, however, be used 
as trial values in another approximation method which uses all 
the terms in Eq. (5*^)• 
Eq. expanded in a Taylor's series about the 
trial solution; 
e - eo z (3£/aan,) 
tr),y) %[,"•  
where a°, a° ... are the values given by Eq. (D.ll) or Eq, 
(D,12) and is the value of E at a®, a° .,. . The method 
o m' n 
of indeterminate multipliers is applied to terms of Eq, (Dfl3) 
(ignoring third and higher derivatives). Derivatives are 
taken with respect to (a^j^-a®) = Aa^, subject to the auxiliary 
condition, Eq. (D.9). After solving the resulting linear 
equations for Aa^^ a nex-j set of values a® is obtained which are 
used as trial values for repeating the process. Two or three 
iterations are sufficient to give a converging value for the 
a^'s. The coefficients obtained in this way give the ground 
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state vave functions when all electrons are in the ground 
state. The coefficients are 
a s= -b = -.5808, f = g = .[|.03i|. . (D. 
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Appendix E, Orderijag In Altei'nate Planes 
in a Hexagonal Crystal 
Consider a crystal which contains equal numbers of ions 
of tx^o kinds (N^ = N2 = N/S) in which alternate parallel 
planes contain only ions of one kind. The different order-
ings when the ions are arranged in this manner is desired. 
Order is defined as a regular repeating arrangement of the 
ions of the two types. 
It is easily seen that all that is required to determine 
the types of ordering is the knowledge of the number of planes 
that cut a line connecting neighboring ions. If an even numi-
ber of planes cut an interionic line, the adjacent ions are 
different; if the number of planes cutting the line is odd, 
then the ions are of the same kind. Since only parallel 
planes are considered, all equivalent lines will be cut the 
same number of times« 
The problem can now be further simplified. One need only 
study four nei^bors in order to determine the ordering com­
pletely, and only ask if these neighbors are of the same kijid 
as th® ion at the origin, or different than the ion at th? 
origin. Thus there are sixteen possible orderings for a hexa­
gonal crystal composed of equal numbers of two kinds of ipns 
when the ions are arranged in alternate parallel planes. It 
will be shown that these sixteen types reduce to six different 
types, 
-113-
Table II4., 
The Various Ordered Arrangements in Alternate Planesj 
Ni = Ng - N/2 . 
a plane b plane a' plane Structure 
Nearest 
neighbor 
along X 
axis 
a  
Nearest 
neighbor 
along 
axis 
1'= V3 
(3 
Nearest 
neighbor 
a l o n g  J  
axis 
Y  
ion above 
or below 
origin 
S 
(Pefer to 
Figures 
6, 7 
and 
8) 
1 + -f + + ruled out 
+ + <•» A '  
3 + + - + A 
k  + - A '  
5 + - + + B 
6  + - + - B' 
7 + - - + C  
8 + - - - C  
9  - + + + C  
10 - + + - C  
11 
-
"4" - + B 
12 - - B' 
1 3  - - C 
lij. - - •f - C 
15 - - - + C 
16 _ c «  
h 
m 4=-
I 
Indicate Ions in a plane, circles Indicate Ions 
In b planeo Solid figures are ions of the first kindj open figures are ions of 
t: U Obtamea If. In'the layef abovrthirinL-
trated here, the open figures are replaced by solid figures and vice versac 
Figure 7» The Structure B. The symbols have the same meaning as in Figure 6. The 
B' structxire is obtained if, in the layer above that illustrated here, the open 
figures are replaced by closed figures and vice versa* 
Figure 8. The Structure C. The symbols have the same meaning as in Figure 6. The 
C structure is obtained if, in the layer above that illustrated here, the open 
figures are replaced by closed figures. 
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The following neighbors are considered; 
a, nearest neighbor in a plane at (b, 0, 0) , 
p, nearest neighbor in a plane at (b/2,'6 b, 0) , 
Y, nearest neighbor in b plane at ' 
S. nearest neighbor in ^  plane at (0, 0, c) , 
where the planes a, b and are normal to the z axis. The 
locations of the ions are given in cartesian coordinates. 
The sixteen possibilities are listed in Table 1)4., where 
•+ Indicates the same kind of ion as the origin and - indicates 
the different kind of ion. The letters in the last column 
refej^ to Figures 6, 7 and 8 which show the various possible 
structures in alternate (0001) plane, (The figures are drawn 
with the hexagonal axis normal to the plane of the paper.) A 
primed letter means that in the next layer is different from 
the layers illustrated (^.e. type 1 ions become type 2 ions 
etc.); the unprimed letters meafi that the pattern is repeated 
in the next layer. 
The first structure listed is ruled out, since it implies 
that all ions are the same. 
